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Preface

Combustion models that are used in the simulation of pollutant formation and ignition
phenomena and in the study of chemically controlled extinction limits often combine
detailed chemical kinetics with complicated transport phenomena. As the number of
chemical species and the geometric complexity of the computational domain increases,
the modeling of such systems becomes computationally prohibitive on even the largest
supercomputer. The difficulty centers primarily on the number of chemical species and
on the size of the different length scales in the problem. If one can reduce the number
of species in a reaction network while still retaining the predictive capabilities of the
mechanism, potentially larger problems could be solved with existing technology. In
addition, current large scale problems could be moved to smaller workstation computers.

Although the concept of reducing a chemical reaction mechanism (both in the num-
ber of species and reactions) has been known by chemists for some time, it is only within
the last few years that it has been applied with considerable success to combustion sys-
tems. As Peters discusses in Chap. 3 of this volume, the first applications of these
ideas were surprisingly, not to hydrogen-air systems, but rather to hydrocarbon flames.
Since the mid-1980s research in this area has increased dramatically. Scientists have
continued to investigate both the generation and the subsequent application of reduced
chemical kinetic mechanisms to a variety of combustion systems. Some of the work has
been primarily numerical in nature while other studies have been more analytical.

In spite of the large amount of work performed in this area, there are still a number of
questions that remain unanswered. First, how do the reduced chemistry numerical and
asymptotic solutions compare? For example, are the computed flame speeds, reaction
rates, and extinction conditions in good agreement? Also, how do the results compare
with experiments? Some of these questions have been answered already on a mechanism
by mechanism basis but nowhere to date has a systematic comparison been made on a
set of well-defined premixed and nonpremixed test problems.

These questions formed the basis of a number of discussions at the XIth ICDERS
meeting in Warsaw, Poland, during the summer of 1987. At that meeting several of
the eventual contributors to this book decided that a systematic study of these issues
for premixed and nonpremixed methane-air combustion was needed. In particular,
it was decided that numerical solutions of a set of premixed and nonpremixed test
problems (Chaps. 1 and 2) would be generated for standardized chemistry and transport
approximations. These solutions and the data bases needed in generating them would
then be made available to anyone interested in studying reduced chemistry methane-air
combustion. This approach would allow a more systematic comparison between reduced
chemistry numerical and analytical work.

Formulation of the test problem model together with the transport and chemistry
approximations required several intermediate workshops—Sydney, Australia (January
1988) and New Haven, Connecticut (March 1988). Once a consensus was reached re-
garding these issues, it was decided that a meeting would be held the following year at
UCSD in La Jolla, California, in March 1989. The chapters contained in this volume
are based upon work first presented at that meeting and then subsequently refined in
the following year.

The book is essentially divided into two parts. The first four chapters form a small
tutorial on the procedures used in formulating the test problems and in reducing re-
action mechanisms by applying steady-state and partial equilibrium approximations.
The final six chapters discuss various aspects of the reduced chemistry problem for pre-
mixed and nonpremixed combustion. Chapter 5 compares premixed and nonpremixed
four-step solutions with the skeletal chemistry solutions. Chapters 6 and 7 examine
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asymptotically the structure of premixed and nonpremixed flames, respectively, using
a four-step mechanism. Chapter 8 applies a first-order sensitivity analysis to laminar
methane-air flames using both a full and a reduced reaction mechanism. The last two
chapters take a somewhat different approach. Chapter 9 examines the application of
reduced chemistry to turbulent nonpremixed combustion and in Chap. 10 an innovative
procedure for mechanism reduction is described using numerical singular perturbation
analysis. It is our hope that this text will be the first of a number of similar contributions
devoted to this important subject.

Finally, this volume would not have been possible without the help and co-operation
of all the authors and the people at Springer-Verlag.

Mitchell D. Smooke
New Haven, Connecticut
November 1990
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CHAPTER 1

FORMULATION OF THE PREMIXED
AND NONPREMIXED TEST PROBLEMS

Mitchell D. Smooke
Department of Mechanical Engineering
Yale University
New Haven, Connecticut

and

Vincent Giovangigli
Ecole Polytechnique and CNRS
Centre de Mathématiques Appliquées
91128, Palaiseau cedex, France

1. Introduction

Combustion models that are used in the simulation of pollutant formation, ignition
phenomena and in the study of chemically controlled extinction limits often combine
detailed chemical kinetics with complicated transport phenomena. As the number of
chemical species and the geometric complexity of the computational domain increases,
the modeling of such systems becomes computationally prohibitive on even the largest
supercomputer. While parallel architectures and algorithmic improvements have the
potential of enhancing the level of problems one can solve, the modeling of three-
dimensional time-dependent systems with detailed transport and finite rate chemistry
will remain beyond the reach of combustion researchers for several years to come. The
situation is even less promising if one wants to consider direct numerical simulation of
turbulence with finite rate chemistry. While some applications can be studied effectively
by lowering the dimensionality of the computational domain, there are many systems
in which this is neither feasible nor scientifically sound.

The difficulty centers primarily on the number of chemical species and on the size of
the different length scales in the problem. While local mesh refinement will ultimately
solve the length scale problem, the size of the chemical system depends in large part upon
the fuel one considers. For matrix based solution methods such as Newton’s method,
the cost of a flame computation scales with the square of the number of species. If
one doubles the number of species, then the cost of the calculation quadruples. For
field by field solution methods the scaling is linear in the number of species though
the number of iterations required for convergence is usually large enough to produce
a less efficient algorithm than the matrix based method. More importantly, however,
since post-processing via first-order sensitivity analysis is essential in any flame study, a
Jacobian matrix will have to be formed ultimately even if field by field solution methods
are employed.

It is clear from these arguments that, if one can reduce the number of species in
a reaction network while still retaining the predictive capabilities of the mechanism,
potentially larger problems could be solved with existing technology. In addition, cur-
rent large scale problems could be moved to smaller workstation computers. Reaction



mechanism reduction (both in the number of elementary species and in the number of
reactions) have been studied, for example, by Peters [1], Peters and Kee [2], Peters and
Williams [3]| and Bilger and Kee [4].

In spite of the large amount of work performed in this area, there are still a number of
questions that remain unanswered. First, how do the reduced chemistry numerical and
asymptotic solutions compare? For example, are the computed flame speeds, reaction
rates, and extinction conditions in good agreement? Also, how do the results compare
with experiments? Some of these questions have been answered aiready on a mechanism
by mechanism basis but nowhere to date has a systematic comparison been made on
a set of well defined premixed and nonpremixed test problems. In this volume we will
attempt to answer these questions by using a carefully formulated set of flames with
simplified transport and skeletal chemistry for methane-air combustion. (The term
skeletal chemistry will refer to a mechanism that is larger than the reduced mechanisms
reported in [1-4] but substantially smaller than the full mechanisms used in detailed
chemistry studies, e.g., [7], [13], [16], [20-21]). In particular, for various equivalence
ratios, pressures and strain rates we will generate a reference data base which can then
be used in assessing the results of the mechanism reductions.

The two models we will consider are the laminar premixed and the laminar coun-
terflow diffusion flame. In both cases the governing equations can be reduced to a
set of coupled nonlinear two-point boundary value problems with separated boundary
conditions. Numerical solution of these problems have been studied by a number of
researchers [5-31].

In the laboratory nonadiabatic laminar premixed flames are obtained by flowing a
premixed fuel and oxidizer through a cooled porous plug burner. As the gases emerge
from the burner they are ignited and a steady flame sits above the burner surface (see
Figure 1). In general, there is a positive temperature gradient at the burner surface. In
the adiabatic (freely propagating) case, the flame is contained in an infinite domain with
zero gradients of the dependent variables at either end. The premixed flame problem
is appealing due to its simple flow geometry and it has been used by kineticists in
Fndethanding elementary reaction mechanisms in the oxidation of fuels [7], [13-16],
20-21].

Counterflow diffusion flames have played an important role in recent models of
turbulent nonpremixed combustion. The reacting surface in these models can be viewed
as being composed of a number of thin, laminar, diffusion flamelets (see, e.g., [32-35])
Using the flamelet concept, researchers have been able to include the effects of complex
chemistry and detailed transport in the modeling of turbulent reacting flows [36]. In
addition to their use in flamelet models, counterflow diffusion flames are recognized
as an important tool with which to study the complex transport and chemical kinetic
interactions that occur in nonpremixed combustion [37-40].

Several counterflow configurations have been studied experimentally. In one case
two cylindrical axisymmetric, coaxial, jets are employed [41]. Fuel is introduced from
one jet and air from the other. A flat counterflow diffusion flame sits between the two
jets with a stagnation plane located near the point of the peak temperature. In another
configuration fuel is blown radially outward from a porous cylinder into an oncoming
stream of air (see Figure 2). A free stagnation line parallel to the cylinder axis forms in
front of the cylinder’s porous surface. Combustion occurs within a thin flame zone near
the stagnation line where the fuel and oxidizer are in stoichiometric proportion |37},
[40]. This “Tsuji” configuration will be employed in all of the counterflow test studies
contained in this volume.

In this chapter we will first formulate the premixed and diffusion flame problems. We
will then consider several modifications of the governing equations that will simplify the
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Figure 1. Schematic of a burner stabilized premixed laminar flame.



Figure 2. Schematic of a “Tsuji” counterflow diffusion flame.



numerical and asymptotic study of these systems without compromising the predictive
capabilities of the models. In this way we will be able to facilitate a more accurate
comparison between the numerical and analytic solutions of the test problems.

2. Problem Formulations

Premixed Flame Problem

The formulation of the premixed flame problem we consider closely follows the one
originally proposed by Hirschfelder and Curtiss [42]. Our goal is to predict theoretically
the mass flow rate (adiabatic flame speed), the mass fractions of the species and the
temperature as functions of the independent coordinate z. Upon neglecting viscous
effects, body forces, radiative heat transfer and the diffusion of heat due to concentration
gradients, the equations governing the structure of a steady, one-dimensional, isobaric
flame (with expansion angle a = 0) are

M = pu = constant, (2.1)

M% + Ed; (pYVi) —w W, =0,  k=1,2,...,K, (2.2)
c,,M% - Ed; (,\%) + gankcm% + g wiheWi, = 0, (2.3)
p= % (2.4)

In these equations z denotes the independent spatial coordinate; M , the mass flow

rate; T, the temperature; Y,, the mass fraction of the kth species; p, the pressure;
u, the velocity of the fluid mixture; p, the mass density; W,, the molecular weight of

the kth species; W, the mean molecular weight of the mixture; R, the universal gas
constant; A, the thermal conductivity of the mixture; c,, the constant pressure heat

capacity of the mixture; c,., the constant pressure heat capacity of the kth species;
Wy, the molar rate of production of the kth species per unit volume; h,, the specific

enthalpy of the kth species; and V., the diffusion velocity of the kth species. The form
of the diffusion velocities, the transport coefficients and the chemical production rates
is described in detail in [43-44].

The boundary conditions for the problem in the reactant stream are

T(—OO) =T., (2'5)
Yi(—00) = €(4), k=1,...,K, (2.6)

where T, is the cold reactant stream temperature and €,(¢) is the known incoming mass

flux fraction of the kth species which depends on the reactant stream equivalence ratio
¢. In the hot stream, we have

T

T (+o00) =0, (2.7)



d
{f(-}-oo) =0, k=1,2,...,K. (2.8)

In a freely propagating flame, the mass flow rate M is not known; it is an eigenvalue
to be determined. Calculation of the flow rate proceeds by introducing the trivial
differential equation

dM

— =0 2.9

d$ ] ( )
and an additional boundary condition to the system in (2.1-2.8). The particular choice
of the extra boundary condition is somewhat arbitrary. It must be chosen, however,
to insure that the spatial gradients of both the temperature and the mass fractions
are vanishingly small as = approaches the two boundaries. Typically, we impose the
temperature at one additional point, e.g., at the origin z =0

T(0) =T, (2.10)
which also removes the translational invariance of the problem:.

From a computational viewpoint, the infinite spatial domain is not convenient to
implement numerically. A preferable set of boundary conditions on a finite domain are
obtained by first integrating the species conservation equations between —oo and 0, and
then assuming that 7} is sufficiently low so that the production terms w, are negligible
for T < T;. This produces the familiar mixed species boundary conditions at z =0

MY, (0) + p(0)Y:(0)Vi(0) = Me(9), k=1,2,...,K. (2.11)

If the enthalpy conservation equation is then integrated between —oo and 0 and we use
(2.10) and (2.11), we can write [45]

:/:: (9)[~e(T(0)) — he(To)]. (2.12)

The computational domain is then further reduced to [0, L] by replacing the bound-
ary conditions at +o0o by the relations

dY;

D=0, k=1,...K (2.14)
where the choice of L must be large enough to ensure vanishingly small gradients at
z = L. The premixed flame model then consists of equations (2.1-2.4) together with
(2.10-2.14).

Counterflow Diffusion Flame Problem

We consider counterflow diffusion flames in a Tsuji configuration. Our model for
these flames assumes a laminar, stagnation point flow. The one-dimensional governing
equations can be derived by considering a boundary layer model in which the equations
for mass, momentum, chemical species and energy are written in the form

o(pu) | 3(rv)

= 2.15
az ay 0’ ( )



u du dp 0 du
B — 2.16
pus—+ "oy +35. 3 (”ay) 0, (2.16)
ay, Y, 9 .
Mgyt pv““a; + gy (V) — W =0, k=12,...,K, (2.17)
oT aT d (.98T X aT X
puc,,———am + pvc,,——ay E ()\ ay) + k§=lek kycpk""—ay + kizlwk khe =0, ( 18)

The system is closed with the ideal gas law. In addition to the quantities already
defined, z and y denote independent spatial coordinates in the tangential and transverse
directions, respectively; v and v the tangential and the transverse components of the
velocity, respectively; u the viscosity of the mixture; and V,, is the diffusion velocity of

the kth species in the y direction.

The free stream (tangential) velocity at the edge of the boundary layer is given by
U = ax Where g is the strain rate. We introduce the notation

u
v="2 2.19
R (2.19)
V = pv, (2.20)

where U is related to the derivative of a modified stream function (see e.g., [30]). Using
these expressions, the boundary layer equations can be transformed into a system of
ordinary differential equations valid along the stagnation-point streamline z = 0. For a
system in rectangular coordinates we have

((ii—‘; + apU =0, (2.21)

V(Z—Z - diy ( %g—) —a(po — PU?) =0, (2.22)
V%}-;—k—+%(kaVk) W =0, k=1,2,...,K, (2.23)
c,,V% - ;i‘-i; ( %) + ékachM% + éwkwkhk _o. (2.24)

The boundary conditions for the Tsuji configuration are given by

V(0) =V,, (2.25)
U(0) =0, (2.26)
V,Y.(0) + pY,(0)V, = Vye, k=1,2,...,K, (2.27)
T(0) = T,, (2.28)
at the cylinder wall (y = 0) and
U=1, (2.29)
Y,=Y., k=12,...,K, (2.30)

T=T,, (2.31)



as y — oo The mass flux, temperature and the incoming mass flux fractions (V,,, T,, and
€:) at the wall are specified, as are the mass fractions of the species and the temperature
(Y. and T.,) at the edge of the boundary layer.

3. Model Simplifications

One of the goals of this volume is to be able to compare asymptotic solutions of
premixed and nonpremixed flames with corresponding numerical computations employ-
ing reduced chemistry. In many of the detailed transport/finite rate chemistry studies
of flames, the transport coefficients are formed using kinetic theory expressions with
tabulated values of the appropriate collision integrals (see, e.g., [20] and [441). This
type of formulation poses no difficulty for computational models since the solution is
ultimately represented as a discrete set of numbers. It is not, however, the most con-
venient representation from which to develop a closed form asymptotic solution. As a
result, we will introduce a number of simplifying assumptions that can aid the compar-
ison process between the numerical and the analytical solutions. Specifically, we will
focus on modifications to the energy equation and on the simplification of the transport
model.

Enthalpy Flux Terms

Both the premixed and nonpremixed energy equations contain a term of the form

X dT
H = E c""kaVk_d—' (3.1)
k=1 T

We point out that if all the species heat capacities are equal, i.e., ¢,, = ¢ =constant,
then

dT &
H=cp— V. 3.2
cp dz ;Yk ks ( )
which is identically equal to zero since
K
Y Y.V =0. (3.3)
k=1

In practice, we do not expect all of the heat capacities to be equal but we anticipate
that their variation will be small so that |H| will be small compared to the other
three terms in the energy equation. To investigate these ideas, we have plotted the
convective term, the conduction term, the chemistry term and the enthalpy flux term
in the energy equation as a function of the independent spatial coordinate for three
premixed flames and one counterflow flame. The computations were performed with
the model formulations described in the previous section. The transport coeflicients
were evaluated as in [20], [44] and the reaction mechanism was the skeletal mechanism
listed in Table II. In Figure 3 we illustrate the four terms for an atmospheric pressure,
premixed, methane-air flame with an equivalence ratio ¢ = 1.0. We note that the
enthalpy flux term is negligible in all regions of the flame. Similar results hold for a
one atmosphere premixed flame with ¢ = 0.6 (Figure 4) and for a stoichiometric flame
at a pressure of 30.0 atmospheres (Figure 52. The situation is almost identical for a
counterflow flame at a strain rate of 100 sec™! (Figure 6). Based upon these results, we
will eliminate the enthalpy flux term from our premixed and nonpremixed models.

Thermal Diffusivity Approximation

In detailed lame models the heat capacity of the mixture is often approximated by a
polynomial fit in the temperature to the JANAF data {43]. The thermal conductivity is
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Figure 3. Comparison of the size of the diffusive (dot), convective (dash), enthalpy flux
(solid-dash) and chemistry terms (solid) in the energy equation for an atmospheric pres-
sure, stoichiometric, premixed methane-air flame with detailed transport and skeletal
chemistry.
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Figure 4. Comparison of the size of the diffusive (dot), convective (dash), enthalpy
flux (solid-dash) and chemistry terms (solid) in the energy equation for a ¢ = 0.6,
atmospheric pressure, premixed methane-air lame with detailed transport and skeletal
chemistry.
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Figure 5. Comparison of the size of the diffusive (dot), convective (dash), enthalpy
flux (solid-dash) and chemistry terms (solid) in the energy equation for a 30 atmo-
sphere, stoichiometric, premixed methane-air flame with detailed transport and skeletal
chemistry.
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Figure 8. Comparison of the size of the diffusive (dot), convective (dash), enthalpy
flux (solid-dash) and chemistry terms (solid) in the energy equation for a methane-
air, counterflow diffsuion flame (¢ = 100 sec™') with detailed transport and skeletal
chemistry.
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approximated by a complex relation involving translational, vibrational and rotational
factors [44]. While each approximation by itself can be fairly complicated, the ratio of
the two quantities can often be approximated by a simple expression. To investigate
this possibility, we postulate the relation

A_4 (%) (3.4)

Cp °

for a constant A, a reference temperature T, = 298K and an exponent r. Using the
detailed transport-finite rate skeletal chemistry model employed in the enthalpy flux
evaluation, we generated vaues of A/c, as a function of the independent spatial coor-
dinate for a stoichiometric, one atmosphere, premixed flame. We then determined the
parameters A and r with a nonlinear least squares fitting procedure. Specifically, we
found

A=258x%x10"*g/cm-sec and r = 0.7. (3.5)

In Figure 7 we compare the detailed transport-finite rate skeletal chemistry values
of A/c, with the simplified relation in (3.4-3.5) as a function of temperature for a one
atmosphere, stoichiometric, premixed flame. Similar comparisons for a one atmosphere
¢ = 0.6 flame and a stoichiometric 30 atmosphere flame are illustrated in Figures 8-9.
In all cases we find excellent agreement over the entire temperature range. Results for
the counterflow diffusion flame with ¢ = 100 sec™! are contained in Figure 10. We note,
however, that the simple power law is only able to approximate the detailed transport
form of A/¢, on the fuel lean side. A two zone model could be developed in an analagous
fashion but, for simplicity and consistency, we will only use the relations in (3.4) and
(3.5) in the test problems.

Heat Conduction Term
The premixed and nonpremixed energy equation contain terms of the form
1d dT
C=—+1{2—]|. 3.6
¢, dz ( d:z:) (3.6)

Since we have combined the thermal conductivity and the heat capacity of the mixture
into a single ratio, it would be reasonable to rewrite the heat conduction term using
this expression, i.e., we would like to write

d (AdT
C = e (;E) . (3.7)
However, we note that
Ld((dT\ _ d (AdT\ A deydT 9
e, dz \"dz ]  dz\c,dz ¢t dz dz’ '

We observe that an additional term in the energy equation is generated by this refor-
mulation. To investigate whether this term can be neglected, we compare in Figures
11-14 the size of the two terms on the right-hand side of (3.8) as a function of distance
for three premixed flames and a counterflow diffusion flame with a = 100 sec~!. While
the term containing the derivative of the heat capacity of the mixture is not dominant,
it can account for as much as 20% of the contribution to (3.6). If the term containing
the derivatives of the heat capacity is neglected, the burning velocity for the one atmo-
sphere, stoichiometic flame becomes 27.07 cm/sec and the counterflow diffusion flame
extinction strain rate becomes a = 212 sec™*. These numbers differ significantly from
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Figure 7. A comparison between the detailed transport-skeletal chemistry value of /¢,
() and the least squares fit (solid) as a function of the temperature for an atmospheric
pressure, stoichiometric, premixed methane-air flame.
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Figure 8. A comparison between the detailed transport-skeletal chemistry value of
A/e, (O0) and the least squares fit (solid) as a function of the temperature for a ¢ = 0.6,
atmospheric pressure, premixed methane-air flame.
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Figure 9. A comparison between the detailed transport-skeletal chemistry value of
A/c, (O) and the least squares fit (solid) as a function of the temperature for a 30
atmosphere, stoichiometric, premixed methane-air flame.
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Figure 10. A comparison between the detailed transport-skeletal chemistry value of

A/¢, (O) and the least squares fit (solid) as a function of the temperature for a methane-

air, counterflow diffusion flame with a = 100 sec™?.
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Figure 11. A comparison between the size of the heat conduction term in Eqn. (3.7)
(solid) and the second term on the right-hand side of Eqn. (3.8) (dot) for an atmospheric
pressure, stoichiometric, premixed methane-air flame.
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Figure 12. A comparison between the size of the heat conduction term in Eqn. (3.7)
(solid) and the second term on the right-hand side of Eqn. (3.8) (dot) for a ¢ = 0.6,
atmospheric pressure, premixed methane-air flame.
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Figure 13. A comparison between the size of the heat conduction term in Eqn. (3.7)
(solid) and the second term on the right-hand side of Eqn. (3.8) (dot) for a 30 atmo-
sphere, stoichiometric, premixed methane-air flame.
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Figure 14. A comparison between the size of the heat conduction term in Eqn. (3.7)
(solid) and the second term on the right-hand side of Eqn. (3.8) (dot) for a methane-air,
counterflow diffusion flame with ¢ = 100 sec~!. par
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the experimentally measured flame speed of 37-40 cm/sec and extinction strain rate of
a = 350 sec™*. As we will see in the next chapter, by keeping the heat capacity deriva-
tive term the computed flame speed becomes 37.67 cm/sec and the extinction strain
rate becomes a = 353 sec™'. Based upon these results, the heat capacity derivative term
in the energy equation will be retained.

Lewis Number Approximations

We define the Lewis number as the ratio of the thermal diffusivity to the mass
diffusivity, i.e.,
A

Le;, = .
"7 pDye,

(3.9)

Our transport model can be simplified dramatically if the Lewis numbers of the various
species in our kinetic model can be taken to be approximately constant. Using the de-
tailed transport-finite rate skeletal chemistry model for a one atmosphere stoichiometric
premixed flame and a counterflow diffusion flame with a = 100 sec™?!, we generated the
spatially dependent Lewis numbers for each of the 16 chemical species. This data was
then fit to a constant. The results for the two flames are contained in Figures 15-22. We
note that, with the exception of the low temperature regions, the fits are remarkably
good. Table I lists the Lewis numbers we computed for each of the 16 species.

Diffusion Velocity Approximations

The species balance equations contain terms of the form

d
D= o (pYiVi) (3.10)
where V, is the diffusion velocity of the kth species. To relate the diffusion velocity to

the mass diffsion coefficients, we employ the approximation

dY;
Ve —Dp— 3.11
Yk k Dk d.'E ’ ( )
where Y} is the mass fraction of the kth species. Hence, we can write
d d dY;
d—z‘ (kaVk) ~ -—-(—l; (pDk"Z;> . (312)

In some detailed transport combustion models a conservation equation is solved for
each elementary species [22]. If the relation

K
> ViV =0, (3.13)

k=1

is not satisfied from the diffusion velocity model, then a correction velocity v, is often

introduced so that .

Y (Ve +v.)Ye=0. (3.14)

k=1

In our simplified model we will not solve for all of the species. Instead, we will solve
for only K — 1 chemical species with the mass fraction of N, determined from mass
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Figure 15. A comparison between the detailed transport-skeletal chemistry Lewis
numbers and the least squares fits (solid) as a function of the temperature for H,0(+),

O(o), H,(o) and H(O) for an atmospheric pressure, stoichiometric, premixed methane-
air flame.
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Figure 16. A comparison between the detailed transport-skeletal chemistry Lewis
numbers and the least squares fits (solid) as a function of the temperature for C H,0(+),

HO,(o), CH,(c) and OH(QO) for an atmospheric pressure, stoichiometric, premixed
methane-air flame.
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Figure 17. A comparison between the detailed transport-skeletal chemistry Lewis
numbers and the least squares fits (solid) as a function of the temperature for CO,(+),
HCO(o), CO(o) and CH,(O) for an atmospheric pressure, stoichiometric, premixed
methane-air flame,
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Figure 18. A comparison between the detailed transport-skeletal chemistry Lewis
numbers and the least squares fits (solid) as a function of the temperature for CHgO(O),
0, (o) and H,0,(0) for an atmospheric pressure, stoichiometric, premixed methane-air
flame.
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Figure 19. A comparison between the detailed transport-skeletal chemistry Lewis
numbers and the least squares fits (solid) as a function of the temperature for H;0(+),
O(o), H,(o) and H(Q) for a methane-air, counterflow diffusion flame with a = 100 sec™*.
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Figure 20. A comparison between the detailed transport-skeletal chemistry Lewis
numbers and the least squares fits (solid) as a function of the temperature for C H,O(+),
HO;(¢), CHy(o) and OH(O) for a methane-air, counterflow diffusion flame with a =
100 sec™*
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Figure 21. A comparison between the detailed transport-skeletal chemistry Lewis
numbers and the least squares fits (solid) as a function of the temperature for CO,(+),
HC O(o)l, CO(o) and CH,(O) for a methane-air, counterflow diffusion flame with ¢ =
100 sec™".
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Figure 22. A comparison between the detailed transport-skeletal chemistry Lewis
numbers and the least squares fits (solid) as a function of the temperature for C H,0(o),
O,(0) and H,0,(0) for a methane-air, counterflow diffusion flame with a = 100 sec™*.
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conservation, i.e.,

K-1

YN; =1- E Yk' (3.15)
k=1
TABLE 1

Simplified Transport Model Lewis Numbers

Species Value
CH, 0.97
0, 1.11
H,0 0.83
CO, 1.39
H 0.18
0] 0.70
OH 0.73
HO, 1.10
H, 0.30
CO 1.10
H,0, 1.12
HCO 1.27
CH,O0 1.28
CH; 1.00
CH,;0 1.30
N, 1.00

If needed, the diffusion velocity of N, can be back calculated from (3.13). With this
formulation, the mass diffusivity can be related to the transport model in (3.4-3.5) via
the Lewis numbers, i.e.,

1 (A 2.58 x 1074\ 7/ T \**
"Dk-a;(;;)*(*‘*—mk )(2—95) - (8.16)

Viscosity Model

The momentum equation in the counterflow model contains a term involving the
viscosity of the mixture. From the definition of the Prandtl number we have

Pr= &;—'— (3.17)
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By selecting a constant Prandtl number equal to 0.75 we can write
d dau d (AdU
—tp— ] =Pr—{——]. 3.18
dy (“ dy) “dy (c,, dy) (8.18)

4. Chemistry Model

The skeletal mechanism from which the reduction process will begin is listed in Table

IL. It contains 10 reversible and 15 irreversible reactions. Of particular importance is
the reaction

CH,+(M)=CH,+ H + (M) (4.1)

This reaction is known to be pressure dependent. To account for the functional depen-
dence on the pressure we have employed a Lindemann approximation for the forward
and reverse rate constants. Specficially, the rates are given by the relation

ke
1+ kpa/[M)

where k., is the appropriate high pressure rate constant, k. is the fall-off rate and [M]
is the third body concentration equal to p/RT.

k (4.2)

In the course of performing the test problem calculations with the skeletal mech-
anism and the model simplifications discussed above, it was found that flame speeds
at one atmosphere were 42.5 cm/sec and the extinction limit for the counterflow flame
was a = 391 sec™!. This is higher than the experimental flame speed measurements
which fall in the 37-40 cm/sec neighborhood and it is higher than the measured extinc-
tion strain rate of 350 sec™!. Warnatz [46] has employed a Kassel sum formulation to
approximate the pressure dependence of (4.1). He has tabulated values for this rate
at several pressures. If the Warnatz rate for the reverse reaction of (4.1) at one atmo-
sphere is compared with the fall-off rate at one atmosphere as a function of temperature
(Figure 23), we see that the Warnatz rate is higher than the fall-off rate in the region
between 500-2500 K. It turns out that these differences are critical in the calculation of
both premixed flame speeds and in the calculation of the extinction limit for the coun-
terflow flame. To incorporate the preferred Warnatz rate within the Lindemann form,
we include a correction factor o such that at one atmosphere (p.:,) the Warnatz rate
(kw) is equal to the value defined by (4.2) as a function of temperature. Specifically,
we have

ak
ky = ————, 4.3
YTy kfall/[M] (4:3)
Solving for o we find
RT [k
o= (1 -+ kfa”—) (E‘vl) . (4.4)
atm (o]

The inclusion of this factor is critical in obtaining excellent agreement with experiments
for both premixed and nonpremixed flames. For the forward direction of (4.1) we employ

kw, = 2.3 X 10%(T"") exp (—114360/RT), (4.5)
and for the reverse direction

kw, = 1.9 X 10°(T"") exp (—9050/RT). (4.6)
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TABLE II

Skeletal Methane-Air Reaction Mechanism

Rate Coefficients in the Form k; = AT?exp(—E,/RT).

Units are moles, cubic centimeters, seconds, Kelvins and calories/mole.

REACTION A B E
if. H+0,-O0OH+O 2.000E4+14  0.000  16800.
1. OH+0—-H+O0, 1.575E413  0.000  690.
2. O+H,-OH+H 1.800E+10  1.000  8826.
2b. OH+H — O+ H, 8.000E+09 1.000  6760.
3. H,+OH-> H,O+H 1.170E409  1.300  3626.
3b. H,O+H — H,+OH 5.090E4+09 1.300  18588.
4f. OH+OH — O+ H,0 6.000E+08  1.300 0.
4b. O+ H,0 - OH+OH 5.900E4+09  1.300  17029.
5. H+0,+M — HO, + M* 2.300E+18 -0.800 0.

6. H+ HO, - OH + OH 1.500E+14  0.000  1004.
7. H+ HO, — H, + 0, 2.500E+13  0.000  700.
8. OH + HO, — H,0 + O, 2.000E+13  0.000  1000.
9f. CO+OH—CO,+H 1.510E4+07  1.300  -758.
9b. CO,+H —CO+OH 1.570E4+09  1.300  22337.
10f. CH,+ (M) — CH,+ H+ (M)* 6.300E+14 0.000  104000.
10b. CH,+H+ (M) - CH,+ (M)* 5.200E+12 0.000 -1310.
11f. CH,+H - CH, +H, 2.200E4+04  3.000  8750.
11b. CH,+ H, - CH,+ H 9.570E4+02  3.000  8750.
12f. CH,+ OH — CH, + H,0 1.600E4+06  2.100  2460.
12b. CH,+ H,0 - CH,+OH 3.020E4+05 2.100 17422
13. CH,+0 —>CH,0+H 6.800E+13  0.000 0.
14. CH,O0+H — HCO + H, 2.500E+13  0.000  3991.
15. CH,0+OH — HCO + H,0 3.000E+13 0.000  1195.
16. HCO+H — CO+ H, 4.000E4+13  0.000 0.
17. HCO+M—>CO+H+M 1.600E+14 0.000  14700.
18. CH,+0,—CH,0+0 7.000E+12  0.000  25652.
19. CH,0+H — CH,0 + H, 2.000E+13  0.000 0.
2. CHO+M—>CHO+H+M 2400E+13 0.000 28812
21.  HO,+ HO, — H,0, + O, 2.000E+12  0.000 0.
22f. H,0,+M - OH+OH+M 1.300E+17  0.000  45500.
22b. OH+OH+M — H,0,+ M 9.860E+14  0.000  -5070.
23f. H,0,+OH — H,0+ HO, 1.000E+13  0.000  1800.
23b. H,0 + HO, —» H,0, + OH 2.860E+13  0.000  32790.
2. OH+H+M— HO+ M 2.200E+22  -2.000 0.
25. H+H+M-—H,+M° 1.800E+18  -1.000 0.

* Third body efficiencies: CH, = 6.5, H,0 = 6.5,C0, = 1.5,H, = 1.0,CO = 0.75,0, =
0.4, N, = 0.4 All other species =1.0

* Lindemann form, k = ko, /(1 + ks /[M]) where k;. = .0063 exp(—18000/RT).
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Figure 23. A comparison between the rate in Eqn. (4.6) (solid) and the correspond-
ing fall-off rate (dot) for reaction 10b (Table II) as a function of the temperature.

5. Final Form of the Governing Systems

With the approximations and simplifications made in Sections 3 and 4, the final

form of the governing equations for the premixed system becomes

st
dz
. dY, 1 d {AdY, .
—_— e —— | == = = k=1,2,... -1,
dz  Le,dz (Cp dz) ol =0, B B ’
.dl' d {AdT Ade,dT 1E
M———| - -2 4+ ) whW,. =0
dz dz(c,,d:c) cf,drz:d:z:—i”c,,kzz:lwk'c T
K-1
YNZ:]'—ZY’”
k=1
_
P~ RT

with the boundary conditions at £ = 0 given by

T(0) = T,
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and at £ = L by

dT
—_ = 59
T m=o (5.9)

dY,
— = k=1,...,K. 5.10
dz (L) 0’ ? ? K ( )
The corresponding form of the counterflow diffusion flame equations is given by
av
& tv =0 (5.11)
daU d {AdU
V_ — —_— ] ——] — — 2) = 0 5.
2y Prdy (c,, dy) a(pe — pU?) =0, (5.12)
dY, 1 d (AdY; ) _ .
14 & Leds (c,, dy) — W, =0, k=1,2,....K —1, (5.13)
dT d (AdT Ade,dT 1X
dy - dy (;; dy) - E@E + c—pg wphW, = 0, (5.14)
K-1
Yv,=1-> Y, (5.15)
k=1
_w
p= "G (5.16)
with the boundary conditions at y = 0 given by
V(0) =V,, (5.17)
U(0) =o, (5.18)
VoYi(0) + pYi(0)Vi = Vuer, k=1,2,...,K, (5.19)
T(0) =T,, (5.20)
and as y — L by

U=1, (5.21)
Yk—Ykma k=172"' 7K’ (5 22)
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1. Introduction

In this chapter we present the results of applying the model simplifications discussed
in the previous chapter with skeletal methane-air chemistry to a sequence of premixed
and nonpremixed flames. We focus our results on adiabatic flames speeds, extinction
strain rates, temperature and species profiles along with reaction rate data. Correspond-
ing results for full transport calculations are often provided as a means of verifying the
simplified transport model. Results are reported in the independent spatial coordinate,
a normalized spatial coordinate and the mixture fraction.

2. Solution Method

In both the premixed and nonpremixed computations we are interested in following
the solution as a system parameter is varied. For example, in the premixed problems
we are interested in allowing the equivalence ratio to change as the pressure is held
fixed. Similarly, we are also interested in varying the pressure for a fixed equivalence
ratio. For the diffusion flames, the strain rate is the parameter of interest. While we
could compute a single flame with specified values of these parameters and then use this
computed solution as a starting estimate for a new problem with different parameter
values, this is extremely inefficient. Instead, we apply an arclength continuation method
such that the grid and the solution smoothly change as the parameter is varied.

Specifically, the solution algorithm we implement proceeds with a phase-space,
pseudo-arclength continuation method with Newton-like iterations and global adaptive
gridding [1-2]. After we replace the continuous spatial derivatives by finite difference
expressions, the premixed model in Eqns. (5.1-5.10) of Chapter 1 and the diffusion
flame model in Eqgns. (5.11-5.23) of Chapter 1 reduce to a system of the form

F(X,y) =0, (2.1)

where X is the solution vector and v is a system parameter (such as the equivalence ratio,
the pressure or the strain rate). The solutions (X,v) in (2.1) form a one-dimensional
manifold which, as a result of the presence of turning points, cannot be parameterized
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in the form (X (v),v). The upper part of the manifold denotes the stable solutions and
the lower part the unstable ones assuming there are no Hopf bifurcations.

To generate this solution set, (X,+) is reparameterized into (X (s),~(s)) where s is
a new independent parameter and 4 becomes an eigenvalue. The system in (2.1) can
now be written

F(X(s),v(s)) =0, (2.2)
and the dependence of s on the augmented solution vector (X, ) is specified by an extra
scalar equation

N(X(s),7(s),8) =0, (2.3)

which is chosen such that s approximates the arclength of the solution branch in a given
phase space (see [1-2]). Rather than solving the coupled system in (2.2) and (2.3), we
replace 4 by a function I’ of z and we let the unknown Z = (X7,T)7 be the solution of
a three-point limit value problem

F(X.T)
X(Z,s) = % o, (2.4)
N(X(#),T(), )

where £ is a given point in [0, L]. The main advantage of considering (2.4) is that, if (2.2)
can be discretized in a block-tridiagonal form, then (2.4) has the same property. The
numerical Jacobian matrix obtained from (2.4) has a block-tridiagonal structure and
one can prove easily that it is nonsingular at simple turning points. Specially developed
block tridiagonal linear equation solvers can then be used to invert the corresponding
linear systems.

The system in (2.4) is solved by combining a first-order Euler predictor and a cor-
rector step involving Newton-like iterations and adaptive gridding. To resolve the high
activity regions of the dependent solution components, the mesh must be refined in
the continuation calculations. Specifically, after solving the governing equations on a
previously determined mesh, we determine a new equidistributed mesh

Z"={0=z{<z;<...<z,. =L}, (2.5)

by imposing the condition

/”‘w dz=1, 1<i<n'—1, (2.6)

xl

where the weight function w depends upon the gradient and curvature of the dependent
solution components and on mesh regularity properties [2]. The governing equations
are solved on this new mesh and then another continuation step is taken. It optimizes
the number of points and determines the new grid in only one pass. In addition, the
method also takes into account every component of the solution in forming a new mesh.

Once a solution to the flame equations has been obtained, it is often useful to inves-
tigate those parameters to which the solution is most “sensitive”. Sensitivity analysis is
an important tool for the physical investigation and validation of mathematical models
(see, e. g., [4]). In the past, however, the major obstacle in obtaining sensitivity infor-
mation systematically was the additional amount of computation required for solving
the sensitivity equations. An advantage of solving the premixed and counterflow flames
by a Newton based method is that first-order sensitivity information can be obtained
at a fraction of the cost of the total calculation [5].
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Sensitivity analysis enables the investigator to help predict the variation of a pa-
rameter vector 8 on the dependent variables in the problem. The vector 8 may contain
rate constants, mass flux fractions, etc.. In particular, the quantities of interest are the
first order sensitivity coefficients X /3B, k = 1,2,...,N. The appropriate equations
for these quantities can be derived by differentiating (2.1) with respect to 8;. We have

d aFax oF
—(F(X;B)) = 3572 + 3 =0, k=1,2,...,N. 2.7
2,710 = 57 35, " 3, 0
Upon recalling that the Jacobian matrix J = 8% /38X, we can re-arrange (2.7) in the
form
ax o7
_— = =, k:1,2,...,N. 2'8
o A 25)

We remark that although (2.8) can be solved at any step of the Newton iteration and at
any level of grid refinement, we ordinarily solve the sensitivity equations on the finest
grid with the last Jacobian formed. In practice, it is only at this stage of the calculation
that the numerical approximation to J can represent adequately the analytic Jacobian.
In addition, since the Jacobian matrix on the final grid is already formed and factored,
each sensitivity coefficient can be calculated by performing relatively inexpensive back
substitutions.

3. Premixed Flames

The first set of calculations we consider focuses on the variation of flame structure as
a function of the equivalence ratio ¢. In Chapter 1 we indicated that we are interested
in using the skeletal mechanism reported in Table II to compute flame structure for
stoichiometric to lean methane-air flames at one atmosphere. Specifically, flames with
equivalence ratios of ¢ = 1.0,0.9,0.8,0.7, and 0.6 are to be computed. By reparameter-
izing the premixed flame problem so that the equivalence ratio is the free parameter, we
can apply the arclength continuation method discussed above to investigate premixed
flame structure as the equivalence ratio changes. In this way we can accurately follow
the movement of the flame while adaptively refining the flame front. This is in distinc-
tion to simply computing a flame for a given value of ¢ and then using this solution
as the starting estimate for another computation with a different ¢. Ordinarily, this
approach will result in a mesh which could include the union of the two grids for the
two flames. If this process is carried out over the entire equivalence ratio range, a very
inefficient computation could result.

Three sets of equivalence ratio calculations were performed. One with the simple
transport and the skeletal chemistry (denoted hereafter as “simple transport”) described
in the previous chapter, another with kinetic theory transport and skeletal chemistry
(denoted hereafter as “full transport”) and another with simple transport and the re-
duced four-step chemistry (Case C) discussed in the next chapter. In Figures 1 and
2 we illustrate the peak temperature and flame speed variation as ¢ is changed. The
solid line corresponds to the simple transport calculations, the dashed line to the full
transport calculations and the dotted line to the reduced chemistry computations. We
note exceptional agreement over the entire range of ¢ considered. Peak temperatures
are almost indistinguishable among the three cases and the flame speeds rarely differ by
more than a couple of cm/sec. In Table I we report specific flame speeds for the three
models for the five flames under study.
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Figure 1. Variation of the peak temperature as a function of the equivalence ratio for
simple transport-skeletal chemistry (solid), full transport-skeletal chemistry (dash) and
simple transport-reduced chemistry (dot) models of premixed methane-air flames.
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Figure 2. Variation of the burning velocity as a function of the equivalence ratio for
simple transport-skeletal chemistry (solid), full transport-skeletal chemistry (dash) and
simple transport-reduced chemistry (dot) models of premixed methane-air flames.
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TABLE 1

Premixed Flame Speeds (cm/sec)
Variation with Equivalence Ratio
p=1atm

Equivalence Ratio Simple Transport Full Transport Reduced Chemistry

$=10 37.67 38.48 37.90
¢ =09 33.59 33.54 35.60
¢ =0.8 26.50 26.62 29.76
¢ =07 19.17 18.74 21.60
=06 11.59 11.40 13.02

The arclength continuation procedure outlined above can be modified to allow the
pressure to become the free parameter in question. In this way we can investigate flame
structure for variable pressure. This is particularly useful for flame studies in which the
thermodynamic pressure varies by several atmospheres. The results in Figures 3 and
4 illustrate the variation of the peak temperature and the adiabatic flame speed as a
function of the pressure. Computations are reported for the 1-30 atmosphere regime for
the skeletal chemistry cases employing both simple (solid) and full transport (dash) ap-
proximations. No steady-state reduced chemistry solutions (dot) were obtainable above
10.5 atmospheres. As was the case for the equivalence ratio computations, the flame
speed results are in excellent agreement across the full range of comparable pressures.
Peak temperatures show some deviation (about 50K in the worst situation). Specific
flame speeds are reported in Table II.

TABLE II

Premixed Flame Speeds (cm/sec)
Variation with Pressure
6 =10

Pressure in Atms Simple Transport Full Transport Reduced Chemistry

p=1.0 37.67 38.48 37.90
p=25.0 18.75 18.20 15.39
p = 10.0 11.29 10.74 9.75
p = 20.0 6.81 6.43 -

p = 30.0 5.40 5.10
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Figure 3. Variation of the peak temperature as a function of the pressure for simple
transport-skeletal chemistry (solid), full transport-skeletal chemistry (dash) and simple
transport-reduced chemistry (dot) models of premixed methane-air flames. No steady-
state reduced chemistry solutions were obtained above 10.5 atmospheres.
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Figure 4. Variation of the burning velocity as a function of the pressure for simple
transport-skeletal chemistry (solid), full transport-skeletal chemistry (dash) and simple
transport-reduced chemistry (dot) models of premixed methane-air flames. No steady-
state reduced chemistry solutions were obtained above 10.5 atmospheres.
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Premixed flame structure for an atmospheric pressure, stoichiometric flame with
simple transport and both skeletal and reduced chemistry are illustrated in Figures 5-7.
The profiles are reported in terms of a normalized distance Z through the flame. We
define

= M(z - z°c,/, ‘ (3.1)

where M is the mass flux through the flame, z° is the location of the maximum fuel
consumption and A/c, is evaluated from Eqns. (3.4-3.5) of Chapter 1. We observe
excellent agreement in terms of peak heights and the general shape of the profiles as a
function of the normalized distance coordinate. Specific tabulations of premixed flame
structure for three of the flames with simple transport and both skeletal and reduced
chemistry are given in Tables III and IV, respectively. T° represents the temperature
at the point of maximum fuel consumption.

TABLE II1

Numerical Solutions for Premixed Flames
Simple Transport-Skeletal Chemistry
Pressure in Atmospheres

Flame Parameters ¢=10,p=1.0 ¢ =0.6,p=1.0 ¢=1.0,p=10.0
Flame Speed (cm/sec) 37.67 11.59 11.29
Peak H (mole) 7.38x 1073 7.14x107* 1.04x1072
T° (K) 1621 1360 1921
Trnaa(K) 2272 1668 2329
TABLE 1V

Numerical Solutions for Premixed Flames
Simple Transport-Reduced Chemistry
Pressure in Atmospheres

Flame Parameters ¢=10,p=1.0 ¢=06,p=1.0 ¢ =1.0,p=10.0
Flame Speed (cm/sec) 37.90 13.02 9.75
Peak H (mole) 7.39x1073 8.81x10™* 9.68x107*
T° (K) 1577 1195 2037

T oz (K) 2285 1668 2314
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Figure 5. Computed temperature profiles as a function of the normalized distance
for an atmospheric pressure, stoichiometric, methane-air flame employing a simple
transport-skeletal chemistry (solid) and a simple transport-reduced chemistry (dot)
model.
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Figure 6. Computed major species profiles as a function of the normalized distance
for an atmospheric pressure, stoichiometric, methane-air flame employing a simple
transport-skeletal chemistry (solid) and a simple transport-reduced chemistry (dot)
model.
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Molar production rates for an atmospheric pressure stoichiometric flame with simple
transport and skeletal chemistry are illustrated in Figures 8-10. We nondimensionalize
the production rate by dividing by the factor

pits. () (%), 52

where p is the local mass density, S, is the adiabatic flame speed and the other quantities
are all evaluated at the unburnt conditions.

The ten largest log-normalized [5] flame speed sensitivity coefficients are reported in
Table V (see also Chapter 8). The sensitivity implementation is such that each reaction
is allowed to be reversible, i.e., each pair of forward and reverse reactions are combined
into a single reversible reaction and each irreversible reaction is made into a reversible
reaction. We then perturb the forward rate while keeping the equilibrium constant fixed.
As a result, the reverse rate is perturbed also. If only the forward rate were perturbed,
the sensitivity analysis would be performed with a different equilibrium constant which
could affect the results. A positive sensitivity coefficient indicates that the flame speed
will increase if the corresponding forward rate is increased. The opposite holds for a
negative sensitivity coefficient.

TABLE V

Premixed Flame Speed Sensitivity Coefficients
¢ =1.0,p = 1.0 atm

Reaction Number Sensitivity Coefficient

1.110
9 0.329

-0.290
10 -0.200
11 -0.160
13 0.160
16 -0.140
17 0.140
3 0.089
15 0.030

4. Counterflow Diffusion Flames

Counterflow flames in the Tsuji configuration were studied from low strain rates qntil
extinction using arclength continuation methods. As in the premixed case, computations
were carried out for simple and full transport approximations with skeletal chemistry
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Figure 9. Computed normalized molar production rates as a function of the normalized
distance for the major species in an atmospheric pressure, stoichiometric, methane-air
flame employing a simple transport-skeletal chemistry model.
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Figure 10. Computed normalized molar production rates as a function of the normal-
ized distance for the major species in an atmospheric pressure, stoichiometric, methane-
air flame employing a simple transport-skeletal chemistry model.



40

and for a simple transport-reduced chemistry model (Chapter 3, Case C). In Figure 11
we illustrate the “C-shaped” extinction curves for the three flame models. The solid line
is for simple transport and skeletal chemistry, the dashed line is for full transport and
skeletal chemistry and the dotted line is for simple transport and reduced chemistry. The
two skeletal chemistry models produced almost identical results except for the region
near extinction. Extinction for the simple transport flame occurred at a = 353 sec™!
and at @ = 361 sec™! for the full transport model. The upper portion of the reduced
chemistry curve compares quite favorably with the results of the other two models. In
particular, extinction occurs at a = 323 sec™!. Significant variations exist in the lower
unphysical branch compared with the skeletal chemistry solutions.

Temperature and major species profiles for a counterflow flame (a = 100 sec™!) with
simple transport and both skeletal and reduced chemistry are reported in Figures 12-14
in terms of the mixture fraction £ where
£ 2Z:|We + .5Zy /Wy +(Zo.o — Zo)/Wo (4.1)

2Zcr/Wr + 5255 /Wy + Zo.0/Wo

which is defined in terms of the corresponding element mass fractions. Here Z,p is
the mass fraction at any location of element j contained in the fuel stream and Z;, is
the mass fraction at any location of element j contained in the oxidizer stream. The
subscripts C H and O denote, respectively, the elements carbon, hydrogen and oxygen.
We can write

Z; = i(aijwj Y:) /Wi, (4.2)

where a;; is a stoichiometric coefficient denoting the number of atoms of element j in
molecule ;. We notice exceptional agreement between the two profiles of the tempera-
ture, CH,,0,,N,, H,0,C0O, and H. The major differences between the two chemistry
models appear in the peak heights of CO and H,. The reduced chemistry model pre-
dicts somewhat higher values of these species compared to the skeletal chemistry model.
Reaction rate data for the simple transport-skeletal chemistry flame (@ = 100 sec™?) is
contained in Figures 15-17. Here the molar production rate is divided by the local mass
density.

A plot of the difference between the mixture fraction £, at stoichiometric conditions
and the mixture fraction ¢° at the point of maximum fuel consumption is plotted as a
function of the strain rate in Figure 18 for the simple transport-skeletal chemistry flame.
The lower branch corresponds to physical solutions. For laboratory flames the variation
in A€ = £, — & is almost constant. The variation in the value of the molecular oxygen,
molecular hydrogen and carbon monoxide values at £° for this model are reported in
Figure 19 as a function of the strain rate (the upper branch corresponds to unphysical
solutions). In Figure 20 we illustrate the oxygen leakage at £ = 0.1 (the upper branch
corresponds to unphysical solutions) as a function of the strain rate. Finally, in Tables
VT and VII we summarize some of the results of the counterflow computations for simple
transport-skeletal chemistry (Table VI) and simple transport-reduced chemistry (Table
VII) flames.
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Figure 11. C-shaped extinction curves for the simple transport-skeletal chemistry
(solid), the full transport-skeletal chemistry (dash) and the simple transport-reduced
chemistry (dot) model of a counterflow, methane-air, diffusion lame. The upper branch
corresponds to physical solutions and the lower branch to unphysical solutions.
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Figure 12. Computed temperature profiles as a function of the mixture fraction for a
counterflow, methane-air, diffusion flame (a = 100 sec™!) employing a simple transport-
skeletal chemistry (solid) and a simple transport-reduced chemistry model (dot).
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Figure 13. Computed major species profiles as a function of the mixture fraction for a

counterflow, methane-air, diffusion flame (a = 100 sec™*) employing a simple transport-
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Figure 14. Computed major species profiles as a function of the mixture fraction for a
counterflow, methane-air, diffusion flame (e = 100 sec™*) employing a simple transport-
skeletal chemistry (solid) and a simple transport-reduced chemistry model (dot).
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Figure 15. Density weighted molar production rates as a function of the mixture frac-
tion for the major species in a counterflow, methane-air, diffusion flame (e = 100 sec™?)
employing a simple transport-skeletal chemistry model.
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Figure 18. Density weighted molar production rates as a function of the mixture frac-
tion for the major species in a counterflow, methane-air, diffusion flame (& = 100 sec™?)
employing a simple transport-skeletal chemistry model.
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TABLE VI

Numerical Solutions for Counterflow Flames
Simple Transport-Skeletal Chemistry

Flame Parameters a=30 a =100 a = 300 Q. = 353
Peak T (K) 2137 2067 1887 1766
Peak H (mole) 2.50x107%  2.87x10™®  2.70x10~®*  7.88x10"°
Peak H, (mole) .02124 .0186 .0157 1.04x1073

Peak CO (mole) .0325 .0334 .0414 0470
Peak CO, (mole) 0779 0734 .0581 .0785
Peak H,0 (mole) .1736 1711 .1636 .1040

£ — & -.0088 -.0100 -.0088 -.0050

T°(K) 2137 2065 1883 1760

0°, (mole) 2.17x10"®  5.48x1073 .0204 .0354

H°, (mole) .0169 .0158 .0136 0115

CO° (mole) .0293 .0316 .0395 0424

O, Leakage 1.563x107* 1.89x1072 0141 .0280
TABLE VII

Numerical Solutions for Counterflow Flames
Simple Transport-Reduced Chemistry

Flame Parameters e =30 a =100 a = 300 Qoxt = 323
Peak T (K) 2171 2120 1936 1847
Peak H (mole) 407x107°  4.127x107*  2.78x10~®  2.22x1073

Peak H, (mole) .0544 .0358 .0138 .0102
Peak CO (mole) .0639 .0491 .0425 .0432
Peak CO, (mole) .0675 .0689 0579 .0510
Peak H,0 (mole) .1878 1781 1631 .1560
Es— &° -.0086 -.0067 .0001 .0022
T"(K) 2171 2108 1886 1799
07, (mole) 1.81x103 6.74x1073 .0303 .0409
He, (mole) .0253 .0192 .0096 7.72x1073
CO° (mole) .0669 .0331 .0355 .0375

O, Leakage 9.30x1075 1.25x1073 .0141 .0234
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Figure 17. Density weighted molar production rates as a function of the mixture frac-
tion for the major species in a counterflow, methane-air, diffusion flame (@ = 100 sec™?)
employing a simple transport-skeletal chemistry model.
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diffusion flames employing a simple transport-skeletal chemistry model.
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Figure 19. The variation in the values of O}, CO° and H as a function of the strain
rate for counterflow, methane-air, diffusion flames employing a simple transport-skeletal
chemistry model.
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chemistry model.
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CHAPTER 3
REDUCING MECHANISMS

Norbert Peters
Institut fur Technische Mechanik
RWTH Aachen, D-5100 Aachen
Germany

1. Introduction

While simplifications of the transport mechanism and numerical solutions were described
in the preceeding two chapters, this chapter will treat the basic ideas and procedures
involved in a systematic reduction of kinetic mechanisms. Reduced mechanisms for
hydrocarbon flames are useful for at least two applications:

1. they reduce the computational effort in numerical calculations of flames by replacing
a number of differential equations for intermediate species—those that are assumed
as being in steady state—by algebraic relations;

2. they allow to study the flame structure by asymptotic methods and by that help to
identify the relatively few kinetic parameters that mainly influence global properties
such as the burning velocity or extinction strain rates.

While the general idea of reducing complex kinetic schemes by the introduction of
steady state assumptions has been known to chemists for a long time [1], it has become
fruitful for combustion applications only very recently. Interestingly enough, it was the
application to hydrocarbon flames [2]-[4] rather than to the much simpler hydrogen
flames that first showed the full potential of the methodology. Previous attempts for
hydrogen flames had been discouraging mainly for two reasons: first the level of radicals
as candidates for the steady state approximation in these flames is too high to justify
such an assumption. Secondly, since only a small portion of the total number of species
in the hydrogen-oxygen system could be assumed in steady state, the gain in reducing
the numerical effort outrules the algebraic and numerical complications involved.

The key to the success in hydrocarbon flames lies in the fact that the chemistry for
most of the hydrocarbon species proceeds in reaction chains, where each intermediate
species is produced and consumed by only a few major reactions. This allows to derive
explicit algebraic expressions for most of these species from their steady state relations.
If these expressions involve other steady state species, a non-linear system of algebraic
equations results. Consequently, its solution is not unique and among all the possible
roots of this system, the right one must be singled out. Fortunately, this coupling occurs
only rarely between intermediate hydrocarbon species. But it does occur between species
like atomic oxygen O or the hydroxyl radical OH (which can often be assumed in steady
state) and some steady state hydrocarbon species, if the reaction between these species
is a dominant one. An example is the very fast reaction CH; + O — CH,0 + H in
methane flames.

A way to overcome the difficulties introduced by the non-uniqueness of the system of
algebraic equations is the truncation of some steady state relations. The consequences
of a truncation will be addressed below. But before entering these details, some gen-
eral aspects of the reduction strategy shall be presented. These concern the basis of
the steady state assumption in terms of the magnitude of the formation and consump-
tion rates, the choices that lead to a particular global reaction mechanism, and the
consequences for subsequent asymptotic analyses.
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2. Steady state approximations as an asymptotic limit

Steady state approximations for intermediate species can be justified in many different
ways. They first were derived for zero dimensional homogeneous systems that depend
only on time, and the term “steady state” was introduced because the time derivative
of these species is set to zero

d[X] =0= Zu,kwk (2.1)

Here, [X;] denotes the molar density of species ¢, called the concentration, ¢ the time,
V. the stoichiometric coefficient of species ¢ in reaction k& and w, the reaction rate. The
justification for this approximation is generally provided in physical terms by stating
that the rate at which species ¢ is consumed is much faster than the rate by which it
is produced. Therefore its concentration always stays much smaller than those of the
initial reactants and the final products. Since the concentration always stays small, its
time derivative also stays small compared to the time derivatives of the other species,
as eq. (2.1) implies.

As an example, one may look at the well-known Zeldovich mechanism for thermal
production of NO

A O+ N, —=N+NO

B N+0,—0+NO.

Here, we assume that the level of atomic oxygen O is given as a result of the oxidation
reactions in a combustion system. Now we assume that atomic nitrogen N is in steady

state because reaction B is faster than reaction A. One then can add both reactions,
and cancel N to obtain the global reaction

(1) N, + O, = 2NO.

In this case the O also cancels, but this is fortuitous. The rate of the overall reaction is
that of the first reaction that is slow and therefore rate-determining. Since two moles
of NO are formed according to reaction I, the time change of NO is

d[ X
ool ok (1) o X (22)
This shall now be derived in a more systematic way. The balance equations for NO and
N are
d| X,
0] _ by X[ Xou) + ko Xa] X,
d[Xx] (2.3)
A = kalXol1Xa] — ko[ XalXo,]

These equations will be non-dimensionalized by introducing reference values for all
concentrations and the temperature. We define

CNo = [XNO]/[XNO]reh N = [XN]/[XN]ref (2-4)
and a non-dimensional time as
T = tkA( ref)[XO]ref[XNz]ref/[XNO]ref (25)

For simplicity, we assume the temperature and the concentrations of O,, 0 and N, to be
constant equal to their reference value. Then the reference value for N must be chosen
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k5 (Tres) [ Xoret| X, Jret
ka (Tref){Xo,]ref

in order to obtain the non-dimensional equations

‘[XN]ref -

dexo

dr

dCN
&
dr
Here, € denotes a small parameter defined by
€ = [XN]ref — kA(Tref)[XO]ref[XNz]ref
[XNO]ref kB (Tref)[XOZ]ref[XNO]ref

The two parts of this equation suggest that € may be assumed small based on two
different kinds of reasoning:

T 1)
2.7

:l—CN.

(2.8)

1. the concentration of the intermediate species in eq. (2.7) is small compared to the
typical concentration of the product, which is NO in this case,

or

2. the rate constant £, by which the intermediate N is formed is much smaller than
the rate kg at which it is consumed. This argument assumes that the ratio of the
reference concentrations is of order unity.

The solution of the system (2.7) is readily obtained as

ey = 1 —exp(—r/¢)

eno = 27 + e(exp(—71/€) — 1) (2.9)

showing that there are two time scales in this problem, namely 7 and 7/e. In the limit
g — 0 the solution simplifies to

CN = ]., CNo = 27 . (210)

This is equivalent to setting [Xx] equal to the reference solution, eq. (2.6). Then [Xno)
is in dimensional terms ’

[XNO] = 2tk, (ﬂef)[Xo]ref[XNZ]ref, (2-11)
which is equivalent to the solution, which is obtained by integrating eq. (2.2).

It should be noted that eq.(2.10) does not satisfy the initial conditions ey = 0 at
7 = 0. Therefore, the steady state solution breaks down in an initial layer of thickness
€, where the short time scale 7 /¢ is of order unity.

For the case € = 0.2 the solution eq.(2.9) has been plotted in Fig.1. It is seen
that the concentration of ¢y grows in the initial layer to the steady state value ¢y =1,
which then is valid for large times. The concentration of ¢yo grows initially slower than
the linear time dependence of the steady state solution. There also is an order O(e)
difference that remains in the solution for long times due to neglecting of the second
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Fig. 1: Solution of eq. (2.9) for the non-dimensional con-
centrations of N and NO as a function of the non-dimen-
sional time. The steady state solution for eyo, eq. (2.10), is
also shown (dashed line).

term in the solution for ¢yo. This is again due to the initial boundary condition for ¢y,
which is not satisfied by the steady state solution.

This example illustrates that steady state assumption may be analysed rigorously
by asymptotic methods and how the error that they introduce may be estimated. In
a more complicated chemical system, where many steady state assumptions apply, this
methodology can become cumbersome, since many small parameters that relate rate
constants to each other, will appear. These parameters then must be ordered in a
specific way to obtain a reasonable and self-consistent result. Very often it is easier
to analyse numerical results from a complete solution and compare the magnitude of
the concentration of the intermediates to the concentrations of the initial reactants
or the final products. This corresponds to the reasoning associated with the first of
equations (2.8). The error introduced by each steady state assumptions is then typically
of the order of this concentration ratio. For many engineering purposes it will be
acceptable to assume those intermediate species in steady state, whose concentration is
significantly less than 10% of the initial fuel concentration.

Additional arguments for choosing the steady state species in flames, where diffusion
plays a significant role, will be given below.
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3. Global reaction mechanisms

The steady state assumption for a species ¢ leads to an algebraic equation between
reaction rates. Therefore each of these equations can be used to eliminate rates in the
remaining balance equations for the non-steady state species. The stoichiometry of the
resulting balance equations defines the global mechanism between the non-steady state
species. Therefore the global mechanism depends on the choice of the reaction rates
that were eliminated. The rule is that one should choose for each species the fastest
rate by which it is consumed. Although this choice may be arbitrary sometimes, it
has no consequence as far as the balance equations for the non-steady state species
are concerned. We will illustrate this for the case of a hydrogen-oxygen mechanism
involving only the first 8 reactions in Table II (conf. Chapter 1). The balance equations
are

L([H]) = —w; + w; + ws — ws — we — wy
([OH]) =Wy + W, — W3 — 2w, + 2w —
([O]) — W, + W,
L([H,]) = ~w, — w3 + w, (3.1)
([02]) — Wy + Wy + Ws
L([H,0]) = ws + wy + ws

0= L [HOz] =Wy — W — Wy — Ws

Here, L(|X;]) denotes a linear differential operator which may contain not only the
time derivative as the one on the Lh.s. of eq.(2.3) but also, for a non-homogeneous
system, convective and diffusive terms. The specific form for flames will be introduced
below. The species OH,O and HO, were assumed in steady state in eq.(3.1) and the
corresponding L-operators were set equal to zero that leads to three algebraic equations
between the reaction rates w,. After choosing to eliminate rate w, for O, w; for OH
and w, for HO, as their respective fastest consumption rates, one can find linear combi-
nations such that those rates do no longer appear on the r.h.s. of the balance equations
for H,H,,0, and H,0. These combinations read

L([H]) + {L([OH]) + 2L([0]) — L([HO,])} = 2w, — 2ws + 2w
L([H,]) + {~L([OH]) — 2L([O]) + L([HO,])} = —3w; + wy — 3w
L([0,]) + {L([HO.])} = —w; — we

L([H,0]) + {L(JOH]) + L([O])} = 2w, + 2ws.

(3.2)

Here, the terms in braces are L-operators of steady state species and are to be neglected.

By arranging the r.h.s. such that those rates with equal stoichiometric coefficients are
added, one obtains

L([H]) = 2(w; + we) — 2ws

L([Hz]) - —3(w1 + wG) + Wy

L([0,]) = —(w: + we)

L([Hzo]) = 2(w1 + wG) .

The stoichiometry of these balance equations corresponds to the global mechanism

(1) 3H, + 0, 2H + 2H,0 (3.4)
(11) 2H + M H, + M :

(3.3)

i

with the rates
Wy = Wy, + We

3.5
Wi — Ws - ( )
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In the second of the global reactions the inert body M has been added as a reminder of
the third body that appears in reaction 5 of the original scheme in Table I, Chapter 1.
This shall illustrate the role of reaction II as a chain breaking global reaction where
the only remaining radical, namely H, is being consumed. The role of the first global
reaction is that of an overall chain branching step. It also could have been derived by
adding reaction 2 and twice reaction 3 to reaction 1 and cancelling the steady state
species O and OH. Similarly, the global step II could have been derived by adding
reaction 7 to reaction 5 and eliminating HO, (and fortuitously also O,).

Alternatively to choosing w, to be eliminated by the steady state equation for HO,,
one could have chosen to eliminate wg, which is, in fact, about five times faster than
wy at typical flame temperatures. Employing the same procedure as before, this would
result in the alternate global steps

(I 3H,+0, = 2H+2H,0 (3.6)
(IT") 2H,+ 0, = 2H,0 )
with the rates ,
vl = (81)
wy = Ws .
After writing the balance equations for this scheme
L([H]) = Z(wl - Wy — ws)
L([H,]) = —3(w, — wy — ws) — 2ws (35)
L([Oz]) = _(wl — Wy — w8) - Wy )
L([H,0]) = 2(w; — wy — ws) + 2wy
and using the steady state relation for HO,
Wy — We — Wy — wg = 0 (3.9)

one finds that the balance equations are identical with those in eq. (3.3). The balance
equations therefore remain independent of the choice of the rates that were eliminated.
Different global mechanisms therefore lead to the same solution for a given problem.

The reason that reaction 7 has been chosen in the reduced 4-step mechanism for
methane flames, which will be derived below, is essentially tutorial. Since in the methane
mechanism many chain breaking steps besides reactions 5 and 7 will play an important
role in reducing the H-atom concentration, a chain breaking step was retained to illus-
trate the general behavior of the global mechanism.

Sometimes, for instance for asymptotic analyses of a flame structure, one may choose
to disregard some rates in the remaining global reaction scheme. In a first asymptotic
analysis of methane flames, which is reviewed in Chapter 4, only reaction rates w,
and ws were retained in eq. (3.5) as principal rates of the global reactions IV and III
corresponding to I and II in eq. (3.4), respectively. The same choice in eq. (3.7) would
then lead to different balance equations. Therefore the form of the global mechanism
may become important, if not all rates are retained in the final formulation.

4. The reduced four-step mechanism for methane flames

The first step in deriving a reduced mechanism is to define a suitable starting mecha-
nism. This may be viewed as an already reduced form of a much larger “full” mechanism
available in the literature. For the specific problem considered, a numerical solution
must be obtained using the full mechanism and a sensitivity analysis must be carried
out to identify the influence of each individual reaction on the solution. The starting
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mechanism should contain only those elementary reactions that are necessary to re-
produce a characteristic quantity, such as the burning velocity, within about less than
five percent accuracy. This simplifies the algebra of the following steps considerately.
In addition, the sensitivity analysis helps to choose the fast reactions that are to be
eliminated later.

For hydrocarbon flames typically about fifty elementary reactions are necessary to
reproduce the burning velocity over the whole range of equivalence ratios and pressures
up to 50 atm with reasonable accuracy. For lean-to-stoichiometric methane flames the
“skeletal” mechanism of 25 elementary reactions in Table II, Chapter 1, was identified
as a sufficiently good representation of the elementary kinetics. This mechanism only
contains hydrocarbons of the C,~chain and is therefore expected to be insufficient for
rich methane flames. Here, we will use this mechanism as a starting mechanism for the
reduction procedure.

The second step in this procedure is to identify steady state species. Following the
first of the two alternate reasonings described following eq. (2.8) above, we will analyse
the outcome of a numerical calculation based on the starting mechanism and find out
the relative order of magnitude of the intermediate species concentrations.

Differently from a homogeneous system, in flame problems the balance equations are
usually formulated in terms of mass fractions Y; rather than in terms of molar densities.
These are related to each other and to the mole fraction X; by

Y; X; '
Pl 2t (4.1)

Xl =55, = rig

Here, p is the density, W, the molecular weight of species ¢ and W the mean molecular
welght Defining the quantity

Ii=— (4.2)

one may write the balance equations for the species as
) =) vaw i=1,2,...,n (4.3)
k=1

where the L-operator is now defined by

AN v or; 0 (Jza)
P8t TP V5. T Bz, '

In eq. (4.4) v, and j;, are the velocity components and the diffusion fluxes, respectively.
The quantity I'; rather than Y; was introduced as a dependent variable because then
the reaction rates in eq. (4.3) are no longer multiplied by the molecular weight and the
convective and diffusive terms are directly comparable between the species equations.
For order-of-magnitude estimates of different terms in eq. (4.4), we write the diffusion
flux of the :-th species j;, using the binary diffusion coefficient with respect to nitrogen
as

jia aF

Wi P D1. Ny o a
For a steady-state species, the concentration remains very small and all terms in the
operator L(I';) on the Lh.s. of eq. (4.3) may be neglected compared to the reaction rates.
In the balance equations for steady flames, the L operator contains the convective and

L(T;) (4.4)

i

(4.5)
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H CO H OH O CH, CHO HCO HO, CHO H,O,

Original 1.96 4.91 0.77 0.77 0.36 0.37 0.27 0.009 0.016 0.0007 0.006
Weighted 5.35 4.91 2.92 0.886 0.42 0.442 0.266 0.009 0.015 0.0007 0.006

Table 1: Maximum percent mole fractions in a premixed
stoichiometric methane-air flame.

diffusive term; the assumption therefore requires that both terms are small. Since the
binary diffusion coefficients are approximately proportional to 1/4/W; y, where

oW, Wy,
W: + Wy,

the species concentrations must be weighted with this factor for the order-of-magnitude
estimate. The relevant concentrations are the mole fractions X; and not the mass
fractions Y;, since X; is proportional to I';. In Table 1, we list the maximum mole
fractions of intermediate species obtained from the calculation with a large mechanism
for a stoichiometric premixed methane-air flame at one atmosphere. We have also

listed the mole fractions weighted with /Wy, /W, y,. The values fall essentially into

two groups: those well below 1% and those well above it. The first group includes the
intermediate species OH, O, HO,, CH;, CH,0, CHO, CH,0 and H,0,, which in the
following are assumed to be in a steady state. The second group contains CO, H;, and
H if the weighted mole fractions are considered. Those species will therefore not be
assumed to be in steady state. By weighting the species with the diffusion coefficients,
we use a result from the asymptotic analysis of flames (conf. Chapter 4) stating that
within the reactive layers, the diffusive terms are dominant compared to the convective
terms and are the only ones to balance the reaction terms.

Wi,Nz - (4.6)

The present choice of retaining H as a non-steady-state species finds a further justi-
fication because the first reaction H+ O; — O+ OH is the most important one for flame
calculations since it is chain branching since H appears as a reactant in both reactions.
It competes with H+O,+M — HO;+M as the most important chain breaking reaction.
It is important to calculate the H concentration more accurately than those of O and
OH.

It is now possible to use the eight steady-state conditions to eliminate at least eight
reaction rates from the system. We want to eliminate the fastest reactions that consume
each steady-state species and by that construct what will be called the main chain. From
a sensitivity analysis it is found that for the oxidation of CH, via CH,, CH,O and CHO
to CO, this main chain is

11 CH,+H — CH;+H,
14 CH,0+H — HCO +H, :
17 HCO+M — CO+H+M.

We will therefore use the steady-state relations for CH;, CH,0 and HCO to eliminate
the rates w,s, w4, and w,; from the balance equations. In addition, we will use the
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steady-state relations for O, OH, and H,O to eliminate the rates w,,ws, and wr and by
that define the main chain for the chain branching reactions

1 H+0, — OH+O
2 O+H, — H+OH (4.8)
3 OH+H, — H+H,0
as well as for the chain breaking reactions
5 H+02+M — H02+M (49)
7 H+HO, — H;+0,. )

Finally, the main chain for the conversion of CO to CO,; consists of the two reactions

9 CO+0OH — CO,+H

3 OH+H, — H,0+H. (4.10)

By adding the reactions in egs. (4.7)—(4.10) and cancelling the steady state species where
reaction 3 is used twice in eq.(4.8) one obtains the global four step mechanism for
methane flames

I CH,+2H+H,0 = CO+4H,

II CO + H,0 = (CO0,+H, (4.11)
II1 H+H+M = H,+M )
v 0O, + 3H, = 2H+ 2H,0.

Differently from the more systematic procedure used above for the H,-O, system the
consideration of the main chain by itself does not provide the rates of the global reactions
as in eq. (3.5). It only provides as principal rates the rate determining steps, which are
the first ones in each of the sequences (4.7)—(4.11), namely w,, for I, wy for II, w; for
III and w, for IV. These are also the only ones that were not eliminated by the steady
state relations. The next step is to add to these appropriate additional reaction rates.
To gain some more insight into the properties of the remaining reactions and to avoid
linear algebra one may consider each of them as part of an alternate chain that is to
be compared to the respective main chain. We will call the remaining reactions side
reactions. Beginning with reation 4 one realizes that it is linearly dependent on reactions
2 and 3 since the addition of reactions 2 and 4 leads to reaction 3. Since reactions 2 and
3 were eliminated the rate w, will also not appear in the rates of the global reactions.
This was already found in eq. (3.5).

The effect of side reaction 6 is determined by comparing it to reaction 7. Subtracting
reaction 7 from reaction 6 and adding reaction 3 twice leads to the global step IV

6 H+ HO, — OH + OH
7 '—(H+H02—>H2+02)
3 +2(H, + OH — H,0 +H)

Therefore the rate ws should be added in wyy as it was already found in eq. (3.5). The
effect of reaction 8 is found by subtracting reaction 3

8 OH+H02—>H20+O2

3 —(H, + OH — H,0 + H)

7 H+H02:H2+02,
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which leads to reaction 7. Therefore reaction 8 has the same chain breaking effect as
reaction 7 and wy disappears as w, from the global rates.

In a similar way the side reactions of the C;-hydrocarbon chain may be analyzed.
For reactions 10 and 12 the main chain reaction that they should be compared with is
reaction 11. Reaction 10 may be obtained by subtracting the global reaction III from
reaction 11.

11 CH,+H — CH; + H;

IT1 ~-H+H+M— H; + M)

10 CH,+M=CH;+H+ M
while subtracting reaction 3 from reaction 12 leads to reaction 11
12 CH, + OH — CH; + H,0O

1 CH,+ H=CH; + H,.

This indicates that reaction 10 acts as reaction 11 but it has a chain branching effect
that is stoichiometrically the inverse of the global reaction III. It should therefore be
added in w; and be substracted in wy;;. On the other hand, reaction 12 has the similar
effect as reaction 11 and should only be added in w;.

The next side reaction in Table 1 is reaction 15. Subtracting reaction 3 from it
shows that it has the same effect as 14 and should therefore not appear. But reaction
16 may be obtained by adding the global reaction III to 17. Therefore it has, when
compared to reaction 17, a chain breaking effect and should be added in wyy;.

Reaction 18 initiates a side chain leading from CH; to CH,O. If one chooses reac-
tion 20 as the fastest intermediate step, which consumes CH;O in this side chain and
adds it to 18, one observes a chain branching effect since two radicals are formed

18 CH; + O, - CH;0+ O
20 CH.O+M-CH,0+H+M
II CH; + O, =CH,0+ O+ H.

Adding reactions 2 and 3 twice to this one obtains
CH; + 0, —-CH,0+0+H

2 2(0O + H, —» OH + H)
3 2(H, + OH — H,0 + H)

CH; + O, 4+ 4H, + O = CH,0 + 5H + 2H,0.

This may be decomposed into the reaction 13 plus global reaction IV minus the global
reaction III. This suggests that w,; as the principal rate of this side chain should be
added to wyy and be substracted from wy;. Then, within this side chain, reaction 19
must be compared to reaction 20, which shows that it has a chain breaking effect
corresponding to the stoichiometry of the global step III. Its rate therefore must be
added to Wiir-
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Another side chain is initiated by reaction 21. Considering reaction 22 as the fastest
step to consume H,0; and adding this as well as twice reaction 3 and subtracting twice
reaction 7 one obtains

21 HO,; + HO, — H,0, + O,

22 H,0,+M—-OH+OH+M
3 2(H, + OH — H,0 + H)

7 —2(H+ H,0 — H, + 0,)

4H2 + 02 = 4H+2H20,

which corresponds to reaction IV from which reaction III is substracted. Therefore
wy; should be added in wyy and substracted in w;;. When the effect of reaction 23 is
compared to 22 in this side chain, one obtains by adding reaction 23 plus reaction 7
minus 3 times reaction 3

23 H,0, + OH — H,0 + HO,
7 H+ HO, — H, + O,
3 ~3(H, + OH — H,0 + H)

H202 + 2H20 + 4H = 2OH + 4H2 + 02 .

This is an overall step that may be decomposed into reaction 22 plus the global step III
minus the global step IV. This implies that w,; should be added in wy; and be sub-
stracted in wyy.

Finally, reactions 24 and 25 are three body chain breaking reactions whose rates
should be added in wy;. This is immediately evident for reaction 25 and also by sub-
traction of reaction 3 from reaction 25. We may therefore summarize the rates of the
global reactions as

Wy = Wio + Wy + Wy
Wy = Wo
Wy = Wy — Wio + Wis — Wig + Wi (4.12)
— Wy + Wpz + Was + Wys
Wy = Wy + Ws + Wig + Wiy — Was -

5. Truncation of steady state relations

The reaction rates must be expressed in terms of the rate constants and the concen-
trations. Some concentrations are those of steady state species. As shown in eq. (3.1),
these may be calculated from their balance equations with the L operator set equal to
zero, which will be called steady state relations. Therefore a system of non-linear alge-
braic equation complements the remaining balance equations for the non-steady state
species.

The most important step in reducing mechanisms is a systematic truncation of some
steady state relations such that the system of non-linear algebraic equations becomes
explicit. In Fig.2 we have plotted the forward and backward rates of reactions 1-4
and in Fig.3 those of reactions 9-13. The origin in these figures is at the maximum of
production of H. This is considered to be the best approximation for the location of the
inner layer, which appears in the asymptotic description (conf. Chapter 4) of premixed
methane flames. Downstream of this layer the rates 3f and 3b are dominant in the
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Fig. 2: Reaction rates 1-4 in a stoichiometric methane-
air flame at 1 atm as a function of the non-dimensional
coordinate z* = p,s;. [y (A/¢,) ! dz.

steady state equation for OH. Therefore to leading order OH can be calculated from
the partial equilibrium of reaction 3

ks, [H; O][H]

(OH] = = TH,

(5.1)

A first order approximation would need to include reaction 1f since its rate is large
close to the inner layer. To satisfy the transition to equilibrium far downstream, the
backward reaction 1b also would have been considered, although its rate is small near
the inner layer. It may therefore be viewed as a second order term that is retained only
for consistency with the downstream equilibrium condition. Since the concentration of
O appears in 1b, an ad-hoc approximation for [O] satisfying the downstream equilibrium
is given by partial equilibrium of reaction 4

. ‘k‘lf [O H] zq

0] = ks, [H,0]

(5.2)

Here [OH]., is the partial equilibrium concentration obtained from eq.(5.1). If the
steady state relation for [OH] is truncated such that only the forward and backward
rates of reactions 1 and 3 appear and the above approximation for [O] is inserted, one
obtains

k3o [H, O][H] + k1, [H][O,]
sy [Ha] + kuoks 63, [H]*[H, 0]/ (kank, [Ha)?)

Since the third reaction does not appear in the steady state relation for O and CHj,
only first and second order terms are to be balanced here.

[OH] = (5.3)
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Fig. 3: Reaction rates 9-13 in a stoichiometric methane-
air flame at 1 atm as a function of the non-dimensional
coordinate =* = p,s; Jg (A/¢,) " dx.
0: ,
k. [H][03] + ki [OH[H] + k., [OH] 6.4
= [O]{kw[OH] + ks [H;] + kup[H,O] + k15[ CHa]}
CH;:

{ky17[H] + k12, [OH]}[CH,] (5.5)
- [Cﬂa]{kwb[H“M] + kub[Hz] + km,[HZO] + k13[0}} . '

These are again truncated steady state relations based on the comparison of magnitude
of the rates in Figs.2 and 3. Rates of other reactions not shown here are very much

smaller.
Since reaction 13 appears in both expressions, [CH;] must be eliminated and a

quadratic equation is obtained for [O]
—b+ /b — dac
[0] = — (5.6)

where
a=ki3B, b=BD+k;3(C— A) (5.7)
c=—AD )
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Fig. 4: Burning velocity s, as a function of the mole frac-
tion of CH, in the unburnt gas (starting mechanism: solid
line, cases A, B, and C of reduced mechanism formula-
tions: dashed lines).
and

A = ky;[H][O;] + kz,|OH|[H] + ky;[OH)?

B = ky[OH] + ko [H,] + ky[H, O]

C = {ky1s[H] + kio;[OH]|}[CH,]

D= klOb[H“M] + k11b[H2] + k12b[Hzo] .
Once solutions to these truncated steady states have been obtained, it is easy to resolve
the steady state relations for [CH;0],[CH,0] and [HCO] in terms of [OH|,{O] and [CHj,|

k15[ CH;][O,]

(5.8)

(OBL0] = Lo
k1o CH][O] + (kso[H] + k2o M]) [ CH, O]

[CHZO] B k14[H] + k15[OH] (5'9)

[HCO] = (kwa[H] + ki5[OH])[CH,O]

le[H] + k17[M]

The steady state relation for [HO,| may again be truncated by considering only the
rates of reactions 5-8, since the others involving [HO,| are small. This leads to
ks [H][O,][M]

[HO:] = G J[H] + ko OH]

(5.10)
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Fig. 5: Mole fractions and temperature for a stoichiomet-
ric methane-air flame at 1 atm as a function of the non-
dimensional coordinate z* = p,s; Jy (A/c,) ! dz (starting
mechanism: solid line, reduced mechanism: dashed line).
Finally, the steady state relation for [H,0,] leads to
ks [HO kaas|OH|? [ M| + k,5,[H,O)[HO
[H,0,] = 21[HO3|* + ky5y [OH]?[M] + kyas[H, O] 2] (5.11)

6. Comparison with previous formulations of truncated steady state rela-
tions

The explicit algebraic relations derived above have been used in a numerical calcu-
lation based on the reduced mechanism for methane flames. They are tested against
the solution based on the starting mechanism. Three different formulations of reduced
mechanisms were calculated:

A) uses partial equilibrium of reaction 3 for [OH| according to eq. (5.1) and neglects
the term involving k; in the steady state relation for [O% such that only reactions
of the H,0,-system are being balanced there

B) FSTS partial equilibrium of reaction 3 for [OH| and the quadratic equation (5.6) for
O
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Fig. 6: Mole fractions for a stoichiometric methane-air
flame at 1 atm as a function of the non-dimensional coor-
dinate z* = p,s; f; (A/c,) "' dz (starting mechanism: solid
line, reduced mechanism: dashed line).

C) uses the first order correction, eq. (5.3) for [OH] and the quadratic equation (5.5)
for [O].

In Fig.4 the burning velocity at 1 atm is plotted as a function of the mole fraction
of CH, in the unburnt mixture and the three cases are compared with the starting
mechanism. The mechanism in Table 1 has been used for these calculations. While case
A gives very high burning velocities, which, at ¢ = 1, corresponding to [CH,J, = 9.5%,
is around 50 cm/sec, the cases B and C do well. In case C the burning velocity differs
from that of the starting mechanism by less than 1.5 cm/sec over the entire range of
equivalence ratios while case B shows maximum derivations of 3 cm/sec or 10% on the
lean side.

The mole fractions of the non-steady state species and the temperature for a sto-
ichiometric flame at 1 atm are plotted in Figs.5 and 6. Here the reduced mechanism
formulation based on case C has been used. It is seen, that except for H and H, the
agreement is quite good, but not as good as for the burning velocity. Even larger devi-
ations are found for the steady state species (O], |OH], and [CH;] shown in Fig.7. The
larger differences for these species are expected since the steady state assumptions enter
their balance equations directly. Finally, a sensitivity analyses of the burning velocity
with respect to an increase of the rate of each reaction by 10% is performed for the
starting mechanism and the reduced mechanism C for a stoichiometric flame at 1 atm
and is shown in Figs.8 and 9. It is seen that the burning velocity becomes sensitive to
the principal rates 1f, 5, 9 and 11f. This suggests that by neglecting the diffusion and
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Fig. 7: Mole fractions of steady state species for a stoi-
chiometric methane-air flame at 1 atm as a function of the
non-dimensional coordinate z* = p,s; f; (A\/¢,) ! dz (start-
ing mechanism: solid line, reduced mechanism:

dashed line).

convection terms in the steady state equations the chemical interaction focusses on the
principal rates and not on side reactions.

7. Conclusions

Numerical calculations and sensitivity analyses of the chemistry for a specific com-
bustion problem like a methane flame helps to identify those parameters, which are of
primary importance. This knowledge can be used to derive a reduced mechanism with
explicit equations for steady state species. Such a mechanism reduces the chemistry of
methane flames to four global reactions involving seven reacting species. This is consid-
erably less than the 15 reacting species of the starting mechanism or the many more of a
full mechanism. But the validity of the reduced mechanism is restricted to the applica-
tion for which it has been derived. A mechanism derived for flame applications should
therefore, as an example, not be applied to ignition problems where different elementary
reactions are important. However, the range of application of reduced mechanisms for
flames covers a large range of stoichiometry and pressures.
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CHAPTER 4

OVERVIEW OF ASYMPTOTICS FOR METHANE FLAMES

Forman A. Williams
Department of Applied Mechanics and Engineering Sciences
University of California, San Diego
La Jolla, CA 92093

1. Introduction

The reduced kinetic mechanisms described in the preceding chapter provide the basis
needed for the development of asymptotic analyses of flame structures. The purpose of the
present chapter is to offer a perspective on the ways in which these reduced mechanisms
have led to advancements in the asymptotic analyses. The exposition will proceed sequen-
tially from one-step to four-step mechanisms, with effort made to describe the benefits
achieved at each successive level of complication. At each stage in the sequence, pre-
mixed flames will be addressed before diffusion flames because of the greater complexity
associated with the mixture-fraction variations in the diffusion flames.

2. Asymptotics of One-Step Approximations for Premixed Flames

For many years asymptotic analyses of premixed-flame structures have been based on
one-step, Arrhenius approximations for the overall rate of heat release with a nondimen-
sional activation energy treated as a large parameter [1]. If E, is the overall activation
energy and T, and 7, the unburnt and burnt gas temperatures, respectively, then the
large parameter in the analysis is the Zel’dovich number

Ze = E, (T, - T.) | (RT,?) . 2.1)

Flame-structure analyses that employ the limit Ze — oo are termed activation-energy
asymptotics (AEA). The structure in the limit Ze — oo is illustrated in Fig. 1; a
convective-diffusive preheat zone in which the chemistry is unimportant precedes a
reactive-diffusive reaction zone in which convection is negligible at leading order.

The one-step approximation for the methane flame is
CH, + 20, — CO; + 2H,0, (2.2)

and the resulting burning-velocity formula to leading order in Ze™?! is [1]

—n m+4n mn— 1/2
o = |2 X BTRYG L Glaym, )| g ar, 2.3)
u pﬁc}abI,ng2+n--lZem.q.n+1Lea’;nLeaﬁ4 ]

where 0

G(a,m,n) = _/ y™(y +a)"evdy, (2:4)
V]
in which

a = Z&(¢_l - 1)/LeCH4u » (25)

the equivalence ratio ¢ having been defined as
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Fig. 1 Asymptotic structure of the premixed flame, according to AEA for one-step

chemistry.
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¢ = Won, Yo,4/2Wo, You,u - (2.6)

Equation (2.3) presumes an empirical overall reaction rate in which the molar rate of
consumption of CHy4 is expressed as

WeoH, = BTbe_E“/RT[CH4]n[Oz]m , (27)
where the concentration [k] of each species k is related to its mass fraction Y} according

to
[k] = Yep/ Wi . (2.8)

All other symbols are the same as those defined in Chapter 1. The subscripts 4 and b
always will identify unburnt and burnt gas here. In addition to the parameters B, b and
E, of the specific reaction-rate constant, the overall (noninteger) reaction orders m and
n with respect to oxygen and methane, respectively, appear in the rate formula (2.7).
With this degree of empiricism, B is assigned a dependence on pressure p, typically a

power law, B ~ p‘, to improve agreement with experiment. To provide burning-velocity
a/ccura[Cﬁ' commensurate with measurements, the AEA results have been carried to second
order [2].

The function G in Eq. (2.4) is readily evaluated by numerical integration or often from
tables. For stoichiometric lames we see that a = 0, and G becomes

G(0,m,n) =T(m+n+1), (2.9)

where the Gamma function T'(m + n + 1) is readily available in tabulations [3]. For very
lean conditions the limit ¢ — oo applies, and G becomes

G(a,m,n) =a"T(m+1). (2.10)
A two-term expansion of the resulting burning-velocity formula for very lean flames when
m=11is [1]
n n 1/2
v, = 4Abpb+leTbbYCH4uY02u / ¢~Ea/2RT,
"= | 2 eaWan, Zet Leo,

x {1 +[1.344 —3(1 — T.,/Ty)] / Ze} . (2.11)

These results are illustrative of expressions for burning velocities derivable through AEA
for one-step approximations to the combustion chemistry.

Use of these one-step results requires knowledge of the overall rate parameters B, b,
¢, m, n and E, that appear in the formulas. For sufficiently simple flames, such as the
ozone decomposition flame with low initial ozone concentrations, these parameters can be
expressed directly in terms of rate parameters for elementary reaction steps [4]. However,
for the methane-air flame, as with most flames, such a direct relationship does not exist,
and the parameters must be viewed as empirical fits, over limited ranges of conditions, to
burning-velocity results that fundamentally are more complicated.

Despite the empirical character of the one-step approximation for the methane flame,
it remains a useful approximation for describing flame dynamics and flame responses to
external perturbations [5]. In many situations premixed flames can be treated as fronts
that propagate at velocity v, into the fresh mixture and that respond to curvature and
strain in the flow in a manner determined by the values of response parameters termed
Markstein lengths [1,5]. Expressions for parameters in Eq. (2.3) for v, have been derived
for methane flames from asymptotic analyses with reduced kinetic mechanisms, as have
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corresponding expressions for a Markstein length [6]. For example, it has been shown
that in a first approximation for lean or stoichiometric methane flames {7]

E, ~ARTE/(T, - T, (2.12)

where T? is an inner-layer temperature determined by chemical kinetics and remaining
relatively fixed (about 1600 K at pressure p = 1 atm) as T}, varies through changes in @,
for example. This same result has in fact been found to extend to other hydrocarbon-air
flames [8]. Since results of this kind help in analyzing flame-front behavior and extinction
in various flows, determination of overall rate parameters associated with one-step ap-
proximations always will be an important final step in asymptotic analyses that address
more complicated chemistry.

However, for methane flames and most other flames, one-step approximations are
not satisfying for addressing influences of underlying chemical kinetics. With very few
exceptions (one being the production of NO by the Zel’dovich mechanism in the hot
burnt gases of lean methane flames, as described in Section 2 of Chapter 3), to describe
flame properties of practical and fundamental interest more thorough knowledge is needed
of the chemical kinetics occurring within the flame than can be provided by any one-
step approximation. This is illustrated in the following discussion of the methane-air
diffusion flame. For methane flames, asymptotically correct one-step approximations for
flame structures cannot be derived by any logical, systematic procedure having reasonable
accuracy. The one-step approximation ever must remain empirical for methane and must
be deemed wholly unsatisfactory from the perspective of the chemistry.

3. Asymptotics of One-Step Approximations for Diffusion Flames

Asymptotic analyses of diffusion-flame structures for one-step, Arrhenius chemistry
through AEA are more challenging than the corresponding analyses for premixed flames.
In the classical solution to this problem [9] four different combustion regimes were iden-
tified, (i) an ignition regime, at the highest strain rates a of Eq. (2.21) of Chapter 1,
in which there is extensive interpenetration of fuel and oxygen through diffusion, with
the reaction widely distributed over the mixture fraction as a small perturbation (the
nearly frozen flow identified by the subscript f in Fig. 2), (ii) a partial-burning regime
at smaller a, in which there is a thin reaction zone through which fuel and oxygen both
leak but which is unstable and hence not anticipated to be observed in real flames, (iii)
a premixed-flame regime, in which there is a thin reaction zone through which one re-
actant leaks but the other does not, thereby causing the inner structure of the reaction
zone in this regime to be the same as that for a nonadiabatic premixed flame, and (iv)
a diffusion-flame regime at the lowest a’s, in which there is a thin reaction zone through
which neither reactant leaks at leading order, causing the profiles outside the reaction
zone to be the chemical-equilibrium profiles of the Burke-Schumann limit 1] (identified
by the subscript e in Fig. 2). The resulting dependence of the peak temperature on a
Damkohler number, inversely proportional to the strain rate, is illustrated schematically
in Fig. 3. Ignition occurs in the ignition regime, which extends on the lower branch from
a =ay to a = oo (1/a = 0), while extinction occurs either in the diffusion-flame regime,
which then extends on the upper branch from @ = 0 (1/a = o) to a = ag, or in the
premixed-flame regime, which then applies over a range of the upper and middle branches
including @ = ag; the middle branch is unstable and not expected to be observed.

Formulas for ag, analogous to Eq. (2.3), are derivable through AEA [1,9]. The
approach involves obtaining solutions, influenced by the flow field, in the two outer
convective-diffusive zones and matching this to a solution in a stretched variable centered
at the stoichiometric point for describing the structure of the reactive-diffusive zone. The

scalar dissipation,
X = 2(dZ/dy)*)/(pc,), (3.1)
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Fig. 2 Diffusion-flame structure in the mixture-fraction coordinate for one-step
chemistry.



Ta) or TO

73

A
Extinction Upper branch
i _—Middle branch
| Igniti
nition
I ~Lower branch v J
| |
| ! _
0 1/GE 1/01

1/a

Fig. 3 Schematic illustration of the dependence of the maximum temperature on
the reciprocal of the strain rate for diffusion flames, according to AEA for
one-step chemistry.



74

fla,ys_ a central part in the analysis; the value of this quantity at the stoichiometric mixture
raction, X, affects the inner structure most directly and is employed in defining the
Damkéhler number. The strain rate a influences the flame structure mainly through its
influence on x,:, and associated with ag is an extinction value xqg [10]. According to
AEA, the departures of the profiles from the equilibrium profiles remain small all the way
to extinction, as illustrated in Fig. 2.

Just as burning-velocity data can be correlated by the AEA formulas, so can data
on ag [1,11]. However, the one-step AEA predictions have been found to be wrong
in rather macroscopic points of detail. For example, for methane-air diffusion flames,
since the stoichiometric mixture fraction is Z,; = 0.054, the AEA analysis predicts that
as extinction is approached, there is significant fuel leakage through the reaction zone
but negligible oxygen leakage. This may be inferred from Fig. 2, which indicates that
because of the shallower slope of the Yoy,. line, compared with that of the Yo, line,
at finite reaction rates the average value of Ycy, in the reaction zone exceeds that of
Yo,. This prediction of AEA applies irrespective of whether the extinction occurs in the
diffusion-flame or premixed-flame regime {the small Z,; favors greater accuracy for the
premixed-flame regime than for the diffusion-flame regime near extinction). This AEA
prediction is exactly contrary to the results of both experiment and numerical flame-
structure computations with full chemistry, which exhibit appreciable O, leakage but
immeasurably small CH, leakage near extinction. The asymptotic structures obtained
from two-step approximations are sufficient to correct this erroneous prediction of one-
step AEA, as will be seen in the following sections.

4. Asymptotics of Two-Step Approximations for Premixed Flames

Two-step approximations to the chemical kinetics provide the next level of complex-
ity, beyond one-step approximations, in asymptotic descriptions of flame structures. In
passing from one-step to two-step descriptions, the range of possible asymptotic struc-
tures is greatly increased. For this reason it seems desirable to insist on deriving two-step
descriptions from the full chemistry, or at least from a skeletal mechanism (Chapter 1)
by systematic procedures. A way to achieve this has been presented in Chapter 2. Before
discussing the two-step structure of the methane flame, we shall briefly address flames
having simpler kinetic mechanisms, since these illustrate the range of phenomena that
may be encountered.

The ozone decomposition flame [6] is an example of a flame that, even with detailed
chemistry, fundamentally possesses a two-step mechanism. This may be seen by observing
that the only reactive species involved in this flame are O3, O and O, and in view
of the O-atom conservation equation, only two independent differential equations with
nonvanishing rate terms can exist for this system. Despite this basic simplicity, a wide
range of structures has been found to be possible for this flame. The simplest is the flame
structure illustrated in Fig. 1, but with two simultaneous differential equations instead
of one describing the chemistry in the reactive-diffusive zone; this has been termed the
“merged regime” and applies in practice over a wide range of conditions for this flame
[6], corresponding merely to loss of the steady-state approximation for the O-atom in the
reaction zone.

However, this is not the only possibility. The two steps may have rate parameters that
lead to O-atom recombination occurring slowly, in a broad recombination zone that may
maintain a reactive-convective balance, located downstream from the reactive-diffusive
zone shown in Fig. 1. Also, the O atom may diffuse into the preheat zone, through a
transition zone located at the upstream edge of the reactive-diffusive zone; heat release
through recombination in the preheat zone then gives this zone a convective-reactive-
diffusive balance. This asymptotic structure was termed a “two-zone” structure [6] and
was found never to occur for the actual values of the rate parameters of the ozone flame,
although more recent studies indicate that recombination in the preheat zone may be
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quite important for hydrogen-air flames, for example. This discussion illustrates that a
wide variety of different reaction-zone arrangements are possible with two-step chemistry.

A two-step mechanism for the hydrogen-air flame has been derived and discussed
in Chapter 3. With this mechanism, too, in advance there are many different possible
asymptotic flame structures. A notable occurrence that seems to be emerging from recent
asymptotic flame-structure studies is that among all these possibilities, one particular
generic two-step asymptotic structure appears to be applicable to a surprisingly wide
variety of real flames. This is a structure for which the single reactive-diffusive zone in
Fig. 1 becomes replaced by a thin inner reaction zone followed by a thicker reactive-
diéusive zone having different chemistry than the inner zone. The inner zone will be
called the é layer and the reaction zone behind it the € layer, where § and e represent
the orders of magnitude of the thicknesses of each layer, measured in the nondimensional

coordinate
£ = pyvucpz[ X, (4.1)

identifiable from Fig. 1 as the natural coordinate for the overall premixed-flame structure.
This generic structure has § < € < 1 and employs both é and € as small parameters of
expansion in the asymptotic analyses.

For lean H,—O; flames with the two-step mechanism, the 8 layer is a layer of transition
to partial equilibrium of step 1 of Table II of Chapter 1, and the one-step approximation

2H2 + 02 — 2H20 N (42)

derivable by addition from Eq. (3.4) of Chapter 2 by assuming H to be in steady state,
applies in the € layer behind, while upstream from the transition layer, in the preheat zone,
H-atom recombination initiated by step 5 (Table II, Chapter 1) continues to occur. A
similar asymptotic structure may be anticipated for CO-H; flames with O as oxidizer [12].
For hydrocarbon flames the different fuel chemistry changes the character of the & layer
and removes the recombination from the preheat zone, in a sense thereby introducing
simplification into the asymptotic description. Yet recent studies suggest that the é layer,
¢ layer approach remains applicable, not only to lean methane and other alkane flames,
but also to many other hydrocarbon flames, such as acetylene flames, with only the fuel
chemistry in need of individual treatment. The following description of the methane flame
therefore should provide a background for discussion og many other flames as well.

Equation (4.11) of Chapter 3 provides a four-step mechanism for methane flames.
A systematic derivation of a two-step mechanism from this four-step mechanism may
be obtained by putting the H atom in steady state and the water-gas shift in partial
equilibrium. The steady state converts steps I, II, III and IV into

CH;+ 0, = CO+H;+ H,0,
CO+H0 = CO;+H;, (4.3)
2H, + 0, = 2H,0 s

then the partial equilibrium of step II allows the two-step mechanism to be expressed as

I CH,+0; = (g)(H;+0C0)+(£%)H0+(152)C0,, o
44

I (&) (Hz+0C0) + 0, = (&) H:0+(2) CO,,

where o denotes the ratio of CO to H; concentrations at water-gas equilibrium. It may
be noted in passing that the one-step approximation of Eq. (2.2) is derivable from the
two-step approximation in Eq. (4.4) by introducing a steady-state approximation for the
intermedjate combination H; + aCO, assuming their concentrations to be small, but this
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is a poor approximation. The two-step approximation in Eq. (4.4) displays significant
qualitative improvement over any one-step approximation.

The asymptotic structure of the premixed flame [7] in the two-step approximation may
be illustrated schematically from Fig. 4 by neglecting the layer of CO and H, nonequilib-
rium shown there and discussed later. Step I of Eq. (4.4) occurs in the é layer and step
Il in the € layer. The analysis presumes that in the é layer the ratio of the rate of the
branching step 1 (H+ O, — OH+O), to that which the fuel-consumption steps 11 and 12
(e.g. CHy+ H — CH; + Hy) would have if the CH4 concentration were equal to its value

in the fresh mixture, is a small parameter. With the superscript © identifying conditions
at the inner layer, the definition,

§ = (kag/kng)° (Y3, / Yona) (Wan, /Wo,) , (4.5)

may be employed, and the assumption § << 1, expressing the smallness of the ratio of
these two reaction rates, results in what is coming to be called rate-ratio asymptotics
(RRA), to distinguish the approach from AEA. There is no assumption that the rate of
step I (or of step II) possesses a high overall activation energy, so the Ze of Eq. (2.1)
plays no role in the analysis. The small expansion parameter for the inner layer is é, not
any Ze™'. Since the concentration of CHy in the inner layer is of order 6 times its value
in the fresh mixture, Eq. (4.5) amounts to identifying a kind of crossover temperature 7°
at which the rate of the chain-branching step 1 equals that of a fuel-consumption step
11. The equality of these two rates in the § layer balances branching and termination
because the hydrocarbon fuel chain has the effect of removing radicals from the system,
as may be seen from step I of Eq. (4.11) of Chapter 3. The preheat zone remains inert for
hydrocarbon flames because of the very effective radical removal through the fuel chain
at the higher fuel concentrations present upstream from the é layer.

Step I of Eq. (4.4) shows that the fuel consumption in the 6 layer produces the inter-
mediates Hy and CO in addition to some products. The e layer is the layer in which the
H, and CO are oxidized through step II. Since CH4 has been depleted before reaching the
¢ layer, steps 10-20 of Table II of Chapter 1 are irrelevant in this zone, and the simpler
mechanism associated with steps 1-9 becomes dominant. The main elementary rate deter-
mining the overall rate in this layer is found to be step 5 (H + O, + M — HO, + M) [7],
which has zero activation energy, again making AEA inappropriate. For stoichiometric
flames the small parameter e is the reciprocal of the fourth root of a Damkohler number,

giving € proportional to y/v,/+/kspA/c, [7]). Energy conservation results in
e=(,-T°) /(T ~T.), (4.6)
within a factor of order unity, so that
v~ (T, -T°)°, (4.7)

which leads to Eq. (2.12). Equating burning velocities obtained from analyses of the é
and e layers results in the crossover temperature being determined approximately by

B [p/ (RT°)] = (k)" (48)

a competition between the branching step 1 and termination steps 5 and 11. Activation
energies of elementary steps certainly do play a role in determining 7'° from Eq. (4.8),
but they do not appear in the small expansion parameters for any of the zones.
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Fig. 4 The asymptotic structure of the premixed methane flame in two-step and
three-step approximations.
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This outline of the two-step premixed-flame asymptotic structure has been designed to
give a general overall view of the zone arrangement and the chemistry of each zone. It will
be necessary to consult the literature [7] to find the derivations of the differential equations
applicable within each zone from Egs. (2.1)-(2.14) of Chapter 1 and to see specifically
how the matching conditions between zones can be enforced in the asymptotics. The
side-reaction additions and steady-state truncations discussed in Chapter 3 play significant
roles in both improvement and simplification of the asymptotic analysis. A brief discussion
of these influences may be given by considering the rates w; and wj; of the overall steps
in the é and € layers, following the reductions described in Chapter 3.

Exclusion of all but the most essential steps [7] results in

kuy [CH4J [H] , }
ks [02] [H] [M]

wr

(4.9)

wIr

in which truncation replacing the steady states of the hydrogen-oxygen chain by partial
equilibria of steps 1-3 gives [7]

H = VFVKK.K3[Oa] [HsP'/ [6:0] , } (4.10)

F = 1—(kus/kis)[CH4]/[Oq],

where K; denotes the equilibrium constant for step i. In this simplest approximation, the
reaction rate vanishes at a finite value of the stretched variable in the é layer because as
T decreases F' reaches zero, and the radical concentrations remain zero at lower temper-
atures (F' < 0). Relaxing truncation approximations in principal improves accuracy but
in practice rapidly complicates algebra, introducing multiple spurious solutions in alge-
braic equations that must be avoided; truncation remains a nonexact art having a strong
bearing on the ease with which asymptotic analyses of flame structures can be completed.
On the other hand, inclusion of additional fuel-chemistry steps in the é§ layer is rather
straightforward since this merely modifies the integrand of an integral that needs to be
evaluated; inclusion of the additional steps such as 11b and 12 proves to be important in
seeking quantitative accuracy [7]. Although convergence of the integral in approaching

the preheat zone can require special consideration, elements of AEA have not been found
necessary.

The relative rates of the various steps turn out to maintain the inequality § << € < 1 as
a reasonable approximation over the entire range of stoichiometry and pressure considered
in this volume. Steps I and II therefore always occur in different layers; the merged-regime
behavior for which § — € is not encountered. Although asymptotic structures in principle
may change from one regime to another as experimental conditions are changed, such
transitions have not been found for lean or stoichiometric hydrocarbon flames.

5. Asymptotics of Two-Step Approximations for Diffusion Flames

Just as two-step chemistry opens many possibilities for premixed-flame asymptotic
structures, so too does it greatly increase the number of possible asymptotic diffusion-
flame structures. The number of possibilities for diffusion flames generally exceeds the
number for premixed flames. For example, the two steps could occur in two thin zones
widely separated from each other, a situation that might be found in certain hydrogen-
halogen flames [12,13]. Attention here is restricted to methane-air flames, although the
structures appear likely to be quite prevalent for diffusion flames in which the reactants
are hydrocarbons and oxygen.

The asymptotic structure in the two-step approximation for the methane-air diffusion
flame is shown schematically in Fig. 5 [15], which should be compared with Fig. 2. The
dashed lines in Fig. 5 correspond to the one-step approximation of Fig. 2. Steps I and
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To To

Fig. 5 The asymptotic structure of the methane-air diffusion flame in a two-step
approximation.
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II occur in the 6 layer and in the € layer, respectively, just as they do in Fig. 4. Also,
these layers remain adjacent to each other. The fuel side of the diffusion flame resembles
the cold side of the premixed flame, and the oxidizer side of the diffusion flame corre-
sponds to the hot side of the premixed flame, although the temperature decrease and
0,-concentration increase with increasing distance from the flame on the oxidizer side
differ from the temperature and O, profiles on the downstream side of the adiabatic pre-
mixed flame; the diffusion flame looks more like a premixed flame with strong downstream
heat loss, although even this is not a precise correspondence because the mixture fraction
Z remains fixed throughout the premixed flame but is the principal coordinate for the
diffusion flame. Nevertheless, the reaction-zone structures for the two flames are similar
in that the chemistry occurring for each is the same.

The peak flame temperature Ty, with the two-step approximation lies below the adia-
batic flame temperature Ty; of the one-step approximation, as illustrated in Fig. 5. Here
T}e occurs in the § layer, the fuel-consumption layer located at Z = Z° > Z,,, and the
reduction of T}, below Ty is caused by the fact that step I produces some H; and CO in
addition to H;0, as seen in Eq. (4.4); depending on the value of a, CO, may be produced
or consumed in this layer. The Hz and CO are oxidized in the € layer, the thicker of
the two reaction zones, located on the oxidizer side of the fuel-consumption layer and
always extending from Z = Z° > Z,; to a value Z = Z, < Z,;. The asymptotics involve
stretchings about Z = Z° near Z,, just as in the one-step approximation, there was
stretching about Z = Z,;, but two different stretchings arise in the two different reaction
zones near the stoichiometric mixture fraction [15]. The parameter § can still be defined
by Eq. (4.5) if the superscript ° there identifies outer-expansion conditions at Z = Z°
and Ycn,. the fuel-side mass fraction Yon,,. The parameter e again is the reciprocal of

the fourth root of a Damkdhler number, but now the scalar dissipation of Eq. (3.1) ap-

pears in the Damkohler number instead of v,, making e proportional to [x°/ (k5pp°)]1/ 4

[15]. Increasing the strain rate to approach extinction thus involves increasing €, which
however is found to remain small enough (e < 1) even at extinction.

Equation (4.4) indicates that oxygen is consumed in both steps I and II. However, it
has been seen in Eq. (4.9) that step I mainly involves attack of radicals on the fuel, and
from Eq. (4.10) it is clear that there is no need for the O; concentration to vanish on
the fuel side of the é layer to shut off the chemistry—the decrease in temperature and
increase in [CHy] readily give [H] = 0 at a finite position in the § layer on its fuel side.
Therefore, with this two-step mechanism there clearly exists the possibility of O, leakage
through the & layer into the inert convective-diffusive zone on the fuel side. On the other
hand, complete consumption of CHy on the oxygen side of this layer at leading order
is needed to bring wr back to zero there. The chemistry of the é layer thus allows O,
leakage but not CH, leakage, and the calculated results verify this, giving O, leakage that
increases with increasing strain rate (increasing x° or €). The O, leakage is illustrated in
Fig. 5. This behavior agrees qualitatively with experiment, as discussed previously. It is
remarkable that going from a one-step to a two-step description of the chemistry is all
that is required to eliminate this erroneous prediction of AEA.

6. Asymptotics of Methane Flames with Three-Step Approximations

Despite these qualitative successes of the two-step approximation for methane-
air chemistry, the quantitative predictions of flame structures, burning velocities and
diffusion-flame extinction conditions that they produce are not very good. Substantial
quantitative improvements are achieved by going to three-step approximations. At least
two different three-step approximations can be considered. One is that of Eq. (4.3), which
has been applied to both premixed flames [7] and diffusion flames [15]. Another is that
in which the H-atom steady state is not imposed but water-gas equilibrium is enforced,
which has been employed for diffusion flames [16]. Comparisons of the predictions of these
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two approaches for the diffusion flames have been made [17,18]. The different three-step
approximations result in different flame structures. Let us first consider the possibilities
associated with the mechanism of Eq. (4.3).

In comparing Egs. (4.3) and (4.4) it is evident that their difference lies in the finite
rate of the water-gas shift. The rate constants for step 9 then become relevant, rather
than just the equi%ibrium constant for this step. It is possible that the departure from
equilibrium is small, in which case a perturbation approach can be developed [7], based
on a small parameter v describing the extent of departure from water—gas equilibrium.
For the premixed flame, expansion for small v leads to identification of a thin layer of
water-gas nonequilibrium at the upstream end of the e layer, as illustrated in Fig. 4. For
the diffusion flame, correspondingly in Fig. 5 there would be a v layer within the e layer
adjacent to the § layer on its oxidizer side. Numerical evaluations have shown that in
fact v is not small compared with € [7]. If v were large, then the three-step chemistry
would have the water-gas step nearly frozen downstream from the § layer in the premixed
flame, and it would then occur in a thick convective-reactive zone downstream without
affecting the burning velocity. In fact, € and v are roughly equal, resulting in a kind of
merged-layer structure for the e layer, requiring two independent rates to be considered at
the same time in this layer. This most realistic limit for the premixed flame is addressed
by Seshadri and Gottgens in a later chapter in this volume [19].

The agreements achievable between asymptotic predictions and experiment with the
three-step chemistry of Eq. (4.3) are illustrated in Figs. 6 and 7 for the burning velocities
of premixed flames and for the peak temperatures of diffusion flames, respectively. The
a%reements are seen to be quite good, even though not based on the latest kinetic data
of the present volume. Further study 1s needed in testing accuracies of these predictions.

The alternative three-step approximation, in which water-gas equilibrium is main-
tained but the H-atom of the hydrogen-oxygen chain is not put in steady state, leads to
a qualitatively different diffusion-flame structure [13,16,17]. In this approximation,0; no
longer is consumed in the overall fuel-consumption step. Instead, the fuel is consumed by
radicals, and O, is consumed only in the oxidation of H; and CO in the ¢ layer, in an over-
all step that also produces radicals. The € layer then becomes an oxygen-consumption,
radical-production layer having a different character than discussed previously. The third
step, dominated by three-body rates, represents radical consumption by recombination
and overall typically removes H; and CO as well as radicals, producing HQS and CO;. This
third step occurs broadly throughout the flame on the oxygen side of the fuel-consumption
layer. The consumption of fuel by radicals occurs in what amounts to a diffusion flame
within the diffusion flame, so that the é-layer structure now is quite different as well. In
this limit AEA methods become important for the é layer, and they also play a role in
describing freezing of the reverse of the oxygen-consumption step in the ¢ layer [16,17].

These different three-step descriptions have been studied because neither water-gas
equilibrium nor H-atom steady state are too good approximations to the four-step mech-
anism of Chapter 3. The success of the four-step mechanism in numerical integrations
indicates that its asymptotic flame-structure predictions are well worth developing. The
studies of the two-step and three-step mechanisms have served to explore potential asymp-
totic structures to which the four-step chemistry might be applied. It is therefore now
straightforward, although complicated, to address asymptotic structures for four-step
mechanisms.

7. Asymptotics of Methane Flames with Four-Step Approximations

The four-step mechanism of Chapter 3 has now been applied to derive asymptotic
structures of methane flames [20]. A limiting case that approaches the structure of Fig. 4
is one in which all radicals nearly maintain steady states, but there is a thin radical-
consumption layer (not affecting the burning velocity) in the upstream part of the § layer
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Fig. 6 Burning velocities of stoichiometric methane-air flames at different initial
temperatures, calculated from asymptotic analysis with a three-step mecha-
nism (curves), compared with experiment (points) [7].
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dissipation for methane-air diffusion flames, according to asymptotic analysis
with a three-step mechanism (curve), numerical integration with a four-step
mechanism (triangles), and experiment (squares) [14].
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in which H-atom departure from a steady state must be considered [7,20]. Another limit is
one in which the fuel and radicals are consumed in a diffusion-flame layer, of the type just
described, within the premixed flame [20]. Estimates indicate that the true situation lies
between these two limiting cases [20]. Although a large number of parameters turn out to
be involved in the analysis, agreements for burning velocities are quite good, and diffusion-
flame structures can readily be calculated in the same way. Further exploitation of the
four-step mechanism for describing asymptotic structures of methane flames therefore
seems warranted.

8. Conclusions

In the past five years remarkable advances have been made in defining asymptotic
structures of methane flames. The structure derived for two-step chemistry, although
inaccurate numerically, greatly improves our understanding of what can be expected from
these flames. The basis therefore now exists for employing reduced mechanisms, including
the rather accurate four-step mechanisms, for deriving asymptotic structures of methane
flames. The following chapters in Part II report some recent progress in this direction.

References

[1] Williams, F. A., Combustion Theory, 2nd Ed., Addison-Wesley Publishing Co., Menlo
Park, CA, (1985), Ch. 3,5,9.

[2] Chelliah, H.K. and Williams, F.A., “Asymptotic Analysis of Two-Reactant Flames
with Variable Properties and Stefan-Maxwell Transport,” Comb. Sci. and Tech., 51,
(1987), p. 129.

[8] Abramowitz, M. and Stegun, L A., Handbook of Mathematical Functions, Dover, New
York, (1965), p. 255.

[4] Rogg, B., Lifidn, A. and Williams, F.A., “Deflagration Regimes of Laminar Flames
Modeled after the Ozone Decomposition Flame,” Comb. and Flame, 65, (1986),
p-719.

[5] Clavin, P., “Dynamic Behavior of Premixed Flame Fronts in Laminar and Turbulent
Flows,” Prog. Energy Comb. Science, 11, (1985), p. 1.

[6] Rogg, B. and Peters, N., “The Asymptotic Structure of Weakly Strained Stoichiomet-
ric Methane-Air Flames,” Comb. and Flame, (1990), to appear.

[7] Peters, N. and Williams, F.A., “The Asymptotic Structure of Stoichiometric Methane-
Air Flames,” Comb. and Flame, 68, (1987), p. 185.

[8] Kennel, C., Gottgens, J. and Peters, N., “The Basic Structure of Lean Propane
Flames,” Twenty-Third Symposium (International) on Combustion, The Combus-
tion Institute, Pittsburgh, (1990), to appear.

[9] Lifidn, A., “The Asymptotic Structure of Counterflow Diffusion Flames for Large
Activation Energies,” Acta Astronautica, 1, (1974), p. 1007.

[10] Peters, N., “Laminar Diffusion Flamelet Models in Non-Premixed Turbulent Com-
bustion,” Prog. Energy Combust. Sci., 10, (1984), p. 319.

[11] Williams, F.A., “A Review of Flame Extinction,” Fire Safety Journal, 3, (1981),
p. 163.



85

[12] Rogg, B. and Williams, F.A., “Structures of Wet CO Flames with Full and Reduced
Kinetic Mechanisms,” Twenty-Second Symposium (International) on Combustion,
The Combustion Institute, Pittsburgh, (1989), p. 1441.

[13] Williams, F.A., “Influences of Detailed Chemistry on Asymptotic Approximations
for Flame Structure,” Mathematical Modeling in Combustion and Related Topics,
C.-M. Brauner and C. Schmidt-Lainé, Eds., Martinus Nijhoff Publishers, Dordrecht,
The Netherlands, (1988), p. 315.

[14] Williams, F.A., “Asymptotic Methods for Flames with Detailed Chemistry,” Math-
ematical Modeling in Combustion Science, J.D. Buckmaster and T. Takeno, Eds.,
Springer-Verlag, New York, (1988), p. 44.

[15] Seshadri, K. and Peters, N., “Asymptotic Structure and Extinction of Methane-Air
Diffusion Flames,” Comb. and Flame, 73, (1988), p. 23.

[16] Treviiio, C. and Williams, F.A., “Asymptotic Analysis of the Structure and Extinc-
tion of Methane-Air Diffusion Flames,” in Dynamics of Reactive Systems Part I:
Flames, A.L. Kuhl, J.R. Bowen, J.-L. Leyer and A. Borison, Eds., Progress in As-
tronautics and Aeronautics, Vol. 113, AIAA, Washington, DC, ISBN 0-930403-46-0,
(1988).

[17] Chelliah, H.K. and Williams, F.A., “Aspects of the Structure and Extinction of
Diffusion Flames in Methane-Oxygen-Nitrogen Systems,” Comb. and Flame, 80,
(1990), p. 17.

[18] Chelliah, H.K., Trevifio, C. and Williams, F.A., this volume.

[19] Seshadri, K. and Gottgens, J., this volume.

[20] Seshadri, K. and Peters, N., “The Inner Structure of Methane-Air Flames,”
Comb. and Flame, 81, (1990), p. 96.



CHAPTER 5

ON REDUCED MECHANISMS FOR
METHANE-AIR COMBUSTION
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Department of Mechanical Engineering
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NSW 2006, Australia

1. Introduction

In an earlier paper [1] we present the reduction of a 58-step C, mechanism of methane
to a four-step reduced mechanism. A feature of that work is the treatment of the steady-
state approximations for O-atom and CH;. These lead to a quadratic expression for
O-atom concentration which gives better estimates of radicals and minor species on
the fuel side of the inner part of the reaction zone. Here we obtain a similar four
step mechanism reduced from the somewhat different starting mechanism agreed for
the Sydney/Yale/UCSD workshop [2]. Numerical solutions are used to compare this
reduced mechanism with the skeletal version of the starting mechanism and with other
reduced mechanisms [3-7]. The effect of the improved modeling of O-atom and CH, is
examined. Williams and his co-workers [6,7] give considerable theoretical attention to
the competition between the chain-branching and HO, forming reactions of H with O,;
the significance of such chain termination via the HO, route is also examined.

Conserved scalars are widely used in theoretical analyses to link the concentrations
of reactive species and the temperature. There is a difficulty associated with the non-
unity of Lewis numbers in the definition of such conserved scalars. The numerical
solutions with simple transport that are given here are used to address this question.
Reactive scalars are used to measure the progress of the chemical reaction, particularly in
premixed flames. A four-step mechanism requires appropriate definition of four separate
progress variables: this is also considered. Finally, comments are made on the nature of
controlling mechanisms in the flames and a possible alternative approach to the analysis
of the flame structure.

2. Reduced Mechanisms

The skeletal mechanism originally agreed for the Sydney/Yale/UCSD Workshop is
shown in Table L. This differs from the final form given in Chapter 1 LZ] in that there is no
correction applied to the Lindemann form for Reactions 10f and 10b. Consequently the
flame speeds are a little higher than obtained by Smooke [2]. The reduced mechanism
obtained by the procedures in [1] is

CH, + 2H + H,0 — CO + 4H,, (1)

CO + H,0 = CO, + H,, (I1)



87

TABLE I

Skeletal Methane-Air Reaction Mechanism

Rate Coefficients in the Form k; = AT?exp(—FE,/RT).

Units are moles, cubic centimeters, seconds, Kelvins and calories/mole.

REACTION A B E
1f. H+0,—OH+O 2.000E+14  0.000  16800.
1b. OH+0 —H+0, 1.575E+13  0.000  690.
of. O+H,—OH+H 1.800E+10  1.000  8826.
2b. OH+H — 0+ H, 8.000E+09  1.000  6760.
3f. H,+OH —~H,O+H 1.170E409  1.300  3626.
3b. H,O+H — H,+OH 5.090E+09  1.300 18588,
4.  OH+OH — O+ H,0 6.000E+08  1.300 0.
4b. O+ H,0— OH +OH 5.900E+09  1.300  17029.
5. H+0,+M — HO, + M* 2.300E+18 -0.800 0.

6. H+ HO, — OH + OH 1.500E+14  0.000  1004.
7. H+ HO, — H, + 0, 2.500E+13  0.000  700.
8. OH + HO, — H,0 + 0, 2.000E+13  0.000  1000.
of. CO+OH—CO,+H 1.510E407 1.300  -758.
9b. CO,+H —CO+OH 1.570E4+09  1.300  22337.
10f. CH,+ (M) —CH,+H+ (M)* 6.300E+14 0.000  104000.
10b. CH,+ H+ (M) —CH,+ (M)* 5200E+12 0.00  -1310.
11f. CH,+H — CH,+ H, 2.200E+04  3.000  8750.
11b. CH;+H, ~CH,+ H 9.570E4+02  3.000  8750.
12f. CH,+ OH — CH, + H,0 1.600E406  2.100  2460.
12b. CH,+ H,0 — CH,+OH 3.020E+05  2.100 17422
13. CH;+0—CHO+H 6.800E+13  0.000 0.
14. CH,O+H — HCO+H, 2.500E+13  0.000  3991.
15. CH,0+OH — HCO + H,0 3.000E+13  0.000  1195.
16. HCO+H — CO+ H, 4.000E+13  0.000 0.
17. HCO+M—-CO+H+M 1.600E+14  0.000  14700.
18. CH;+0,— CH,0+0 7.000E4+12  0.000  25652.
19. CH;0+H — CH,0 + H, 2.000E+13  0.000 0.
20. CH,O+M —CHO+H+M 2400E+13 0.000  28812.
21.  HO,+ HO, — H,0,+ 0, 2.000E+12  0.000 0.
22f. H,0,+M —OH+OH+M 1.300E+17  0.000  45500.
22b. OH+OH +M — H,0,+ M 9.860E+14  0.000  -5070.
23f.  H,0,+OH — H,0 + HO, 1.000E+13  0.000  1800.
23b. H,0 + HO, — H,0, + OH 2.860E+13  0.000  32790.
24, OH+H+M — H,0+M*" 2.200E+22  -2.000 0.
25. H+H+M—H,+M" 1.800E+18  -1.000 0.

* Third body efficiencies: CH, = 6.5, H,0 = 6.5,C0, = 1.5, H, = 1.0,C0 = 0.75,0, =
0.4, N, = 0.4 All other species =1.0

* Lindemann form, k = k., /(1 + «/[M]) where o = .0063 exp(—18000/RT).
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2H, + 0, — 2H,0, (II)

3H, + O, = 2H,0 + 2H. (IV)

The global reaction rates are:

Wi = Wy + Wys, (2.10)
A Wis; (2.1b)

Wrr = Wy, (2-2)
Wrrr = Ws — Wip T Wi — Wag — Wag T Wag + Was, (2.3q)
= ws + Wigss (2'3b)

Wiy = Wy — Wy — Ws + Wip — Wie + Wig + Wyo — Wag — Was, (2-4‘1)
R Wy — Wigp- (2'4b)

Here the use of a numerical subscript without the f or b modifier (denoting forward
or backward rate) signifies the net rate. The contributions of Reactions 21 to 23 are
omitted as they give negligible contributions to the major species balances. Reaction 21
does, however, make a contribution to the estimation of HO, needed for calculating w;,
and ws. The approximations given in Equations (2.1b), (2.3b) and (2.4b) are found to
be quite adequate for diffusion flames at strain rates in excess of 50s~!. At lower strain
rates the forward direction of Reaction 10 and Reaction 18 become significant.

Assumption of Reaction 3 being in partial equilibrium yields

FOH = I‘HI‘Hgo/(KsI‘H,)- (2.5)

The modified partial equilibrium of [1] included a contribution from Reaction 5 in
Eqn.(2.5). This is abandoned here since, although it gives slightly better peak H-atom
concentrations, it gives anomalously high values of H; concentration on the air side of
the counterflow diffusion flames. Other intermediate species are obtained by assuming
them to be in steady state:

ro:

DO | =

[(B" +4C)"V? — B], (2.6a)

where

B = (kIObI‘H + kywla, + kolao + klsro,) /k13+

[I‘um (k:()f/p + ki Ty + klerOH) — ki Tulo, — kywlouTs — kuI‘?)H]

/[’eroa + ko Ty, + k4z»rH,o]a (2.6b)
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4 kller,/kla + (kufrcy.ry — ki Tyly, — k4fI'20H)

/(kleOH + kquH,o) > (2.6¢)

C = [(kUI‘HI‘O, + kywl'ogly + kQ,I‘f-,H) (k;‘obl‘y + kT, + klsz’H’o)
+kisl 0, L cn, (k;of//) + kil + kufroy)}/[(ku»roy
+hoTu, + k4,,rH,o) km] ) (2.6d)
~ {ku,,l‘y, (/{:UI‘HI‘O2 + kql‘éy) + ku,klsryrozrgy‘}
Jfoo{rten )] -
Tew, =Teon, (k;of/p +ky T+ klszoy)/(k;%l‘y + kL,

Fkial 0 + kLo + k1sro,) s (2.7a)
~ Kurcy,rﬂ/ry, (1 + leFO/klleHz)’ (2.75)

1/2
|:(D2 + 2pk5I‘HI‘OzI‘M/k21) —’D] ) (28a)

D = (kGFH + k7FH + kSFOH + k23bFHzO) /2k21' (286)

FHO; =

N =

In the above T'; = Y;/W, is the “specific abundance” of species i, equal to its mass
fraction, Y;, divided by its molecular mass, W;. Rate constants k, are as given and
defined in Table I; for reaction 10, k; are the k. values divided by the Lindemann
factor (1 + aRT/P).

Seshadri and Peters (5] and others give the rate of Reaction I as the net rate of
Reactions 10, 11 and 12. Equations (2.1a) and (2.7a) are exactly equivalent to this. If
the simpler form of (2.7b) for the CH; concentration is used Eqn. (2.1a) gives better
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results than the net rates of Reactions 10, 11 and 12. The preference for the mole-
reducing oxidation of H, as step III of the reduced mechanism over the recombination
of H atoms has already been discussed [1] but it will be justified in the next section.

3. Numerical Solutions

Numerical solutions were carried out for counterflow diffusion flames in the forward
stagnation region of a porous cylinder (the Tsuji burner [8]) and for freely propagat-
ing planar premixed flames using modified versions of codes [9] provided by Professor
M. D. Smooke. The solutions were carried out for “full” transport, using the Curtiss-
Hirschfelder approximations [10] for multicomponent transport, or for “simple” trans-
port using Fick’s Law with constant Lewis numbers as correlated for this workshop by
Smooke [2] and shown in Table II. For the four-step mechanism a special subroutine was
written that returns the net species reaction rates for the given temperature and major
species concentrations. The codes were modified to run on a NEC micro-computer with
a Definicon fast processing board.

TABLE 11
Simplified Transport Assumptions [2]

Thermal properties:
AJe, = 2.58 x 107%(T'/298)%"gem s~ *

Lewis numbers

Species Value
CH, 0.97
0, 1.11
H,O 0.83
Co, 1.39
H 0.18
o 0.70
OH 0.73
HO, 1.10
H, 0.30
Cco 1.10
H,0O, 1.12
HCO 1.27
CH,O0 1.28
CH, 1.00
CH;0 1.30
N, 1.00

Resuits for the counterflow diffusion flames are shown in Table III and Figure 1. The
Seshadri and Peters [5] reduced four-step mechanism is very similar to that presented
here but uses a truncated steady state for O-atom which does not include Reaction 13.
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TABLE III

Numerical Solutions for Counterflow
Diffusion Flame at a=300s"1

Flame Sk. Mech. Sk. Mech. 4-step Simple Seshadri
Parameters Full Modified Simple 4-Step and
Transp. HO, Transp. Peters|[5]
Peak T (K) 1884 1887 1953 1943 1924
Peak H (mol%) 0.327 0.340 0.370 0.379 0.454
Peak H, (mol%) 1.82 1.86 1.89 1.81 2.57
Peak CO (mol%) 4.12 4.11 4.44 4.31 4.99
Peak CO, (mol%) 6.12 6.18 5.79 5.83 5.49
Peak H,0 (mol%) 16.25 16.25 15.69 15.56 15.65
Fuel Rate Peak:
£, — &, 0.0130 0.0130 0.0038 0.0041 0.0070
T (K) 1883 1885 1918 1910 1914
Peak H (mol%) 0.145 0.149 0.243 0.243 0.211
Peak H, (mol%) 1.63 1.66 1.32 1.31 1.96
Peak O, (mol%) 1.40 1.33 2.03 2.95 1.70
H Atom Peak:
£ — &, 0.0040 0.0040 0.0059 0.0063 0.0049
T (K) 1794 1795 1800 1785 1800
Peak H, (mol%) 0.865 0.875 0.668 0.645 0.796
Peak CO (mol%) 2.77 2.73 2.50 2.44 2.58
Peak O, (mol%) 3.28 3.25 3.90 4.04 3.64
Leakage O, (mol%) 0.985 0.925 0.812 0.988 1.09

It is seen that in general the predictions using the four-step mechanisms are very
good. Peak temperatures and temperatures on the rich side are somewhat high, but on
the lean side agreement is excellent. Fuel concentrations are somewhat overpredicted
on the rich side. This is a consequence of the peak fuel reaction rate occurring at a
mixture fraction, £, which is closer to the stoichiometric mixture fraction, ¢,, as shown
in Table III. The mixture fraction is defined

§= (8~ Boo)/(Bra — Bos),

(3.1)
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Figure 1. Comparison of calculated flame structure for counterflow diffusion flames
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with

1
ﬂEzZC/WC+5ZH/WH -Z()/WO, (32)‘

where Z, and W, are the mass fractions and atomic masses, respectively, of the elements
carbon, hydrogen and oxygen. The subscripts fu and oz refer to the fuel and oxidant
streams, respectively. For methane/air the stoichiometric mixture fraction, & = 0.055.
The cause of this shift in the fuel reaction zone is not clear at this time.

The oxygen concentrations, including the important leakage of oxygen through the
reaction zone to the rich side of the flame, are predicted very well. In Table III the
“leakage” oxygen concentration is that determined for £ = 0.10. The four-step mecha-
nisms underpredict CO, and H,O on the rich side, a consequence of the shift in the fuel
reaction zone. It seems anomalous that high temperatures are associated on the rich
side with low product concentrations CO, and H,O and higher amounts of unreacted
fuel. It is likely to be the effect of differential diffusion of enthalpy and species being
predicted differently for the simplified transport used with the four-step calculations.
At this time of writing, solutions for simplified transport with the skeletal mechanism
are not available to clarify this point. It is apparent that there are also differences in
the oxygen element balances on the rich side. The correlation found by Smooke [2] for
the thermal conductivity and shown in Table II is fitted primarily for premixed flames
and fits the diffusion flames well on the lean side only, with values being lower on the
rich side. There is no such systematic trend in the fitting of the Lewis numbers of the
various species. We return to questions of differential diffusion in the section following
on Conserved and Reactive Scalars.

Significant differences appear in the predictions of the four-step mechanisms for CO,
H, and H. The full steady state for O-atom that is used here gives better results. It is
apparent that the quadratic form of Eqn. (2.6a) is necessary for giving good predictions
of CO, H, and H on the rich side. Peak H-atom concentrations are also improved.
Figure 1(c) shows the resulting predictions for CH,. It seems that the diffusional effects
that cause the marked overshoot in CH; predictions when the full steady state is used
are more than offset by excluding Reaction 13 from the O-atom balance.

Table IV and Figs. 2 and 3 show results of calculations made for premixed flames.
In the figures distance through the flame is in terms of the normalized distance Z, where

E=mlz —z°)c,/A. (3.3)

Here m is the mass flux through the flame and A/¢, is evaluated from Smooke’s corre-
lation of Table II using the unburnt temperature. The maximum fuel consumption rate

is used to evaluate the arbitrary origin z° and reference temperature T° given in Table
Iv.

Flame speed predictions for the four-step mechanisms are in general 10 to 20%
higher than for the skeletal mechanism. Calculations made with simplified transport
and the skeletal mechanism indicated that the discrepancy is not due to any deficiency
in the transport model. Of the four-step reduced mechanisms the full version presented
here appears to be better than either its simplified version (Eqns. 2.6(c), (e) and 2.7(b))
or the Seshadri and Peters [5] version. The subroutine used to calculate the four-step
chemical production rates arbitrarily sets all rates to zero below 750K. This was done
to avoid arithmetic problems in calculations for the counterflow diffusion flame: the
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TABLE IV

Numerical Solutions for Premixed Flames

Flame Sk. Mech. Sk. Mech. 4-step Simple Seshadri
Parameters Full Modified Simple 4-Step and
Transp. HO, Transp. Peters[5]

1 atm, Stoich.:

Flame speed (cm/s) 42.0 45.8 45.6 48.0 52.6
Peak H (mol%) 0.854 0.979 0.871 1.07 1.09
T (K) 1587 1589 1689 1654 1561

5 atm, Stoich.:

Flame speed (cm/s) 20.0 - 19.9 234 22.8
Peak H (mol%) 0.241 - 0.250 0.315 0.340
T (K) 1764 - 1882 1850 1813

1 atm, Eq. Rat 0.7:

Flame speed (cm/s) 19.3 - 23.1 23.5 22.7
Peak H (mol%) 0.176 - 0.220 0.245 0.237
T (K) 1415 - 1460 1420 1436

steady-state approximations on which the production rates are based become invalid at
low temperatures in this lame. Examination of the CH, and H-atom profiles in Figs. 2
and 3 indicate that this may not be a valid procedure in premixed flames. Some of the
discrepancy in flame speed may arise from this source. In general the four-step reduced
mechanisms give very good predictions of the flame structure on the basis of comparison
with the skeletal mechanism. The full version presented here gives better predictions of
H-atom, CO and H, but overpredicts the temperature at which fuel consumption peaks.
Results obtained at five atmospheres pressure, stoichiometric and for one atmosphere,
0.7 equivalence ratio show similar good agreement for the flame structure.

Figure 4 and 5 show comparisons for net species reaction rates for diffusion flames
and premixed flames, respectively. For the diffusion flames the molar reaction rate is
divided by the local mass density. For the premixed flames this ratio is non dimension-
alized by dividing by the factor

25T, (cp/A)

u

where S, is the flame speed and the other quantities are evaluated at the unburnt
condition. For stoichiometric mixtures at one atmosphere and 298K this factor has a
value of 55.9 mol/gm- s for a flame speed of 42 cm/s. Peak reaction rates for the
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reactants and products in the diffusion flames are a little lower than in the premixed
flame but would be much the same near extinction which occurs around 400 s~ for both
the skeletal and four-step mechanisms. The reaction rates for the four-step mechanisms
show higher peaks than for the skeletal mechanisms, particularly for the intermediates
H; and CO and for H-atom. In diffusion flames the peaks are also shifted toward the
lean side. For H, and H the increased peakiness of the net reaction rates, which are
equal to the net transport, may be due to the neglect of transport for OH, CH; and
the other steady-state species. Figures 4 and 5 show these for the skeletal mechanisms.
For diffusion flames the CH, peaks are about 70% and OH about 35% of the peaks for
H-atom. For the premixed flame the CH, and OH peaks are both around 30% of the
H-atom peaks, indicating that the steady-state assumption is better for these species in
premixed flames.

The numerical solutions indicate that the four-step reduced mechanisms considered
here may be validly used over the wide range of flame conditions considered. Further
validation efforts should include study of rich premixed flames and diffusion flames at
high pressure. The incorporation of the quadratic form of Eqn. (2.6) appears to be
warranted, particularly for diffusion flames. The simplified version of Eqns. 2.6(c) and
2.7(b) appears to be valid for analytical purposes. It can be noted in passing that
reaction of O with H,O in Reaction (4b) dominates over reaction with H, in Reaction
(2f), particularly in diffusion flames where H,O concentrations are high in the parts of
the reaction zone where the “shuffle” Reactions (1) to (4) are out of partial equilibrium.

4. Recombination and Mole Reduction

Peters and Williams and their co-workers [3-7] prefer to write the third step of the
reduced mechanism as

2H — H, (II1P)

The rate for this reaction is still given by Eqn. (2.3) but for the fourth step which
remains the same as IV for purposes of stoichiometry the rate becomes the sum of w;;;
and wyy:

Wivp = Wy + We + Wig + Wa, (4.1)

where the steady state for HO, has been used. The production rates for the species
remain the same and the choice of form for the summarizing four steps is from that
viewpoint completely arbitrary. The choice of the form of the steps can, however, help
to clarify our thinking about the structure of the flame. We argue here that the mole
reduction form of our step III is more in keeping with the significant processes in the
flame than the recombination form IIIP.

A major consideration in our argument is that Reaction (6) dominates over Reac-
tions (7) and (8) and the H,0, chain so that HO, is essentially a chain carrier. Reaction
(5), which is the dominant term in w,;; is thus essentially chain carrying and does not in
the main result in the recombination of radicals. Chelliah and Williams [6] and Trevino
and Williams [7] make much of the chain terminating aspects of the HO, chain and

investigate the question of competition between the chain branching of the forward rate
of Reaction
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H+0,— OH+0 R1f

and chain terminating arising from Reaction 5

H+0,+M— HO,+ M R5

This competition is important in autoignition and explosions leading to the well-known
second limit for H, - O, explosions. Such competition is not important in most flames,
however. This can be seen from Tables III and IV and Fig. 2 where results are presented
for calculations in which the chain terminating routes for HO, have been switched off.
In diffusion flames the effects on flame structure are insignificant and they are little
more so in premixed flames. In flames below 1000K, where such competition between
branching and terminating would be significant, the radical pool of H, OH and O has
concentrations above those given by partial equilibrium, due to diffusion from radical
rich regions of the flame; and Reaction 1 is in fact going in reverse.

The principal role of Reaction 5, known from sensitivity analyses to be a highly
significant reaction, is in mole reduction. Total specific abundance, XT';, or the total
number of moles per unit mass is conserved by the common bimolecular form of reaction

A+B=C+D

but is increased in pyrolysis reactions such as Reactions 10f and 17 and can only be
reduced by reactions such as Reactions 5 and 10b in which the sum of the stoichiometric
coefficients decreases. For the overall reaction of methane with O, to form CO, there
is no change in mole number. All the CH, is oxidized, however, by routes which yield
HCO. And since Reaction 17 dominates over Reaction 16 and other mole invariant
routes for HCO consumption the conversion of CH, to CO and H, results in a close to
unity mole increase as is expressed in Reaction I. The only route for restoring the net
zero balance of moles is via the mole reducing step III. The total conversion by step III
must thus be equal to that of step I. The adoption of ITIP for the third step indicates
that the total conversion by step IV must be twice that of step I, and since ws & ws half
of it is coming from that source. The use of ITIP, then, results in third and fourth steps
which do not clearly delineate the important and separate roles of Reactions 1 and 5,
the two most important reactions in combustion.

5. Conserved and Reactive Scalars

Conserved scalars [11] or Shvab-Zeldovich variables [12] are important in the analysis
of both premixed and diffusion flames. The mixture fraction, £, defined in Eqn. (3.2) is
only one of many variables that can be defined which will have a zero net reaction rate.
The mixture fraction has found widespread use as a transformed variable for describing
the structure of laminar and turbulent diffusion flames. In laminar flame analysis of both
premixed and diffusion types, use is made of such variables to relate the concentrations
of reactive species and their gradients [3-7]. The role of differential molecular diffusion is
significant in flames, however, and such combined variables can have significant source
terms arising from their transport terms. In flame structure studies [eg. 3-7] it is often
considered that diffusion dominates over convection in the reaction zone and species
concentrations are divided by the Lewis number before summing to form the conserved
scalar. The numerical solutions for the flames that have been obtained in these studies
may be used to address the question of how best to define such scalars.
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Figure 6 shows various conserved scalars computed for the premixed and diffusion

flames. The normalized element mass fractions Zm(ZHN, ZON,ZCN and ZNN in
Figure 6) are defined

Zp = YLy, (5.1a)

tn=1+ (20 -220) [ Zu(6). (5.19)

Zytn(g) = Zm.o:c + g(Zm.fu - Zm,om), (516)

where p,,; is the number of atoms of element m in species ¢ and ¢ is the mixture frac-
tion defined by Egns. (3.1), (3.2), with ¢, its value at stoichiometric. The choice of this
mixture fraction for purposes of normalization is arbitrary, but it does locate the stoi-
chiometric point properly. As an example of conserved scalars employing Lewis number

scaling we show the Lewis number scaled element mass fractions Z=(ZLH,ZLO,ZLC
in Fig. 6) with

Z:l = E,um,-F;/Le,-, (52)

and the normalization as in Eqns. (5.1b) and (5.1c); the Lewis number of species 7 being
denoted by Le;. The normalization is such that departures from unity represent the
enrichment or depletion of the quantity relative to the amount of that quantity present
at a stoichiometric mixture.

Also shown in the standardized enthalpy, A, where

T A
h = XT, (hf,,- + / C,,_,dT). (5.3)
Ty

Here h;; and C,; are the enthalpy of formation at the reference temperature 7; and
the molar specific heat for species 7 , respectively. The standardized enthalpy is also
normalized as in Eqns. (5.1b) and (5.1c) except that is scaled by the sensible enthalpy
rise at stoichimetric. It is denoted in Fig. 6 as “Enthalpy.” For the premixed flame the
variation in ¢ is also shown (denoted by fmix in Fig. 6) in normalized form

~

E=1+(&-4&)/¢, (5.4)

where the subscript u denotes the unburnt condition. For the other conserved scalars
in the premixed flames the “theoretical” (superscript t) values used in Eqns. (5.1b) and
(5.1c) are evaluated at the unburnt condition.

It can be seen from Fig. 6 that scaling by the Lewis number makes things worse,
on the whole. The only exception is for oxygen element in diffusion flames where Lewis
number scaling gives a significant improvement. Smooke [2] finds for the temperature
version of the energy equation that the conduction term never dominates the convection
term in premixed flames. It can be presumed that the diffusion terms in species balances
also never dominate the convection terms and so the basis for Lewis number scaling is
questionable.
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Figure 6. Variation of selected conserved scalars in flames: (a) counterflow diffu-
sion flame at a = 300s~! with simplified version of four-step mechanism presented here
and simplified transport; {b) premixed flame at 1 atm and stoichiometric with full ver-
sion of four-step mechanism presented here and simplified transport. The conserved
scalars for elements (ZHN,ZON,ZCN,ZN N), elements scaled by species Lewis num-
bers (ZLN,ZLO,ZLC), standardized enthalpy and mixture fraction are defined and
normalized in Eqns. (5.1) to (5.4) of the text.
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In simple theories of turbulent premixed combustion the reaction is assumed to be
one-step and measured by a reaction progress variable normalized to have a value of
zero in the unburnt mixture and unity in the fully burnt mixture. It is evident from
the profiles in Figs. 2 and 3 and from the four-step modeling of flames that it may
be appropriate to define progress variables for each of the four steps. Steps I and
III are irreversible reactions and scalar variables can be defined that clearly evaluate
the degree of completion of these reactions. Steps II and IV, on the other hand are
reversible reactions and may be more appropriately described by partial equilibrium
concepts where the question of their degree of completion is being considered.

In view of the foregoing discussion on the effects of differential diffusion on conserved
scalars, it seems appropriate to define progress variables in terms of the sensible enthalpy,
h*, and of species such as CH,, O,, and CO, whose Lewis numbers are near unity. For
simplicity we assume that these have a diffusivity equal to the thermal diffusivity A/(pc,)
so that they obey the balance equations

L{p'} = (w,q, +w,q, +w,.q, +w, q,v) Q., (5.5)
L{Tcu,} = —w,, (5.6a)
L{To,}=w—w,,, (5.6b)
L{Tco}=w, ~w,, (5.6¢)
where
L=yt - (22, )

Also @, is the heat release per mole of fuel consumed with proportions g¢,,q,,,9,,,,4,,
being associated with steps I to IV respectively. It is of course obvious that I';,5, is an
appropriate scalar by which to measure the progress of step I. For step III we find

he
Serr = {6_ + (qx + qu)FGHa + unCO + 4 FO:}/(qxu - q:v)’ (58)

c

to be the variable which obeys the desired balance equation

L{, = w,,. (5.9)

It is noted that the source term for ¢;;; is independent of the rates of reactions I, I and
IV so the ¢;;; marks the progress of step III alone.

At 298K Q, = 191.76 kcal/mol and ¢, = 0.286, q;; = 0.051, g;;; = 0.603 and ¢,y =
0.060. Figure 7 shows normalized values ¢;, defined from Ty, ¢,; defined from T,

and ¢;;; together with A* where the normalizing has been done for the premixed flame
by the form
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Figure 7. Variation of reactive scalars in premixed flames with full version of four-
step mechanism presented here: ———~1 atm, stoichiometric, - - ~ - - 5 atm, stoichio-
metric;....eeun.. 1 atm, 0.7 equivalence ratio. The variables are normalized values of the
sensible enthalpy, the fuel and CO, concentration which give progress variables for steps
I of the four-step mechanism, and ¢,,, defined in Eqn. (5.8) which measures the progress
of step III of the four-step mechanism.

§ = (§ - §1z)/(§l> - g’ll)’ (510)

with subscripts b and u denoting fully burnt and unburnt, respectively. It is seen that
¢,,, emphasizes the slow completion of the mole reduction reactions. It also has a larger

slope thickness than ¢, or the sensible enthalpy. Table V lists the slope thicknesses
derived. They are scaled by the length scale used to normalize the distance through the
flame in Eqn. (3.3). It is also seen that the slope thickness does not fully characterize
the ¢,,, profiles. It has a very long tail. It may be that in turbulent premixed flames
the turbulence can affect the main reaction zone by interaction with this tail region.
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Figure 8 shows features of the flame structure plotted against g:m. It is seen that the
fuel reaction is complete when ¢,,, is about 0.65 and that step I occurs over a relatively
narrow range of ¢,,, as does step IV. Step III, however, occurs over a broad range,

TABLE V

Slope Thicknesses* for Premixed Flames

Variable ¢=1.0 $=1.0 $=0.7
latm 5atm latm
Sensible Enthalpy 7.6 6.9 5.9
CH, 5.4 5.6 4.7
co, 9.5 6.6 6.4
Cm 9.2 7.9 7.1

*Nondimensionalised by (A/c,m), as in Eqn (11)

particularly the component of w,,,, coming from Reaction 5. The component coming
from Reaction 10b appears overall to be much more significant than Reaction 5. Noting
from Eqn. (5.9) that it is only w,,, which is the reaction term for ¢,,, , it is w,,, which is
responsible for determining the slope thickness derived from ¢,,, as well as the long tail.
It appears that Reaction 10b is mainly responsible for the determination of the slope
thickness and Reaction 5 for the long tail. Table VI shows the flame speed sensitivity
coefficients to the rate coefficients, S¢, at one atmosphere, stoichiometric for the skeletal
mechanism. We have

Ss = d(InS.)/d(InAy), (5.11)

where A; is the pre-exponential factor for the k** reaction as listed in Table I. It is seen
that the flame speed is more sensitive to the rate of Reaction 5 than the rate of Reaction
10b, even though the latter appears to dominate. It is apparent that the flame speed
is quite sensitive to what happens in the tail. The slope thickness may thus not be an
adequate characterization of the length scale associated with mole reduction.

The possibility that ¢,,, may be a useful variable for Crocco transformation |[14]
has been investigated. In a coordinate system affixed to isopleths of ¢,,,, and with ¢,
the stretched coordinate in the normal direction, derivatives in the other two coordinate
directions lying in the isopleth plane are likely to be small and make minor contributions
to species and energy balances in premixed systems. The transformation yields

w; = E{Fz}

_ [ar, ar; A B¢, 8¢, 7T,
=7 ( at )( * a¢,,, Lok - ¢, Le; dz; Oz; 3¢?

—_ ﬂ‘i ar’ W _ ’\ agll: agn: aZI‘i (5 12)
~ o de,, ™ ¢ Le, 9z, 0z, 9¢2 '

irr

Srir
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TABLE VI

Flame Speed Sensitivity Coeflicients*
for Selected Reactions

Reaction Number Sensitivity Coeflicient, S,

1f 0.82

1b -0.24

5 -0.17

of 0.25

9b -0.11
10b -0.13

11f -0.11

13 0.10

*Skeletal mechanism at one atmosphere, stoichiometric.
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Figure 8. Structure of premixed flame in terms of transformed coordinate ¢,,,.
Zeta 1 is the normalized progress variable for step I and WI, WII, WIIl and WIV
are the normalized reaction rates for steps I to IV of the four-step “full” mechanism
presented here. WIII 5 is the contribution of elementary Reaction 5 to WIIL Results
from numerical solutions at 1 atmosphere, stoichiometric.
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The unsteady term is zero in steady laminar flow and the transformation has been tested
by evaluating the other two terms on the right hand side (RHS) using the numerical
solutions for the full four-step mechanism at one atmosphere, stoichiometric. The results
are shown in Fig. 9. It is seen that the agreement is excellent for the fuel reaction and
quite good even for the low Lewis number species H. It would be of great interest if
the last term on the RHS of Eqn. (5.12) dominated the transformation. Unfortunately
it does not. The second term is by far the dominant one and this largely arises from
the contributions of Reaction 10b. This limits the usefulness of this transformation.
It would be interesting to investigate methanol flames where the formation of methyl
radicals in unimportant and Reaction 5 should dominate w,,,. The transformation in
terms of a reactive scalar based on CO, and involving reaction step Il is an alternative
but has the same domination by the second term in Eqn. (5.12).

6. Flame Structure and Analysis

Table VI indicates the dominant role played by the chain-branching Reaction 1 in the
determination of flame speed. It is also dominant [2] in the determination of extinction
values of stretch in diffusion flames. The pioneering analysis of the structure of these
flames by Peters and Williams and their co-workers [3-7] focuses on fuel consumption
and centers the inner layer of the reaction zone at the peak of the fuel consumption

rate.
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Figure 9. Crocco transformation for CH, and H-atom reaction rates in premixed
flame at 1 atmosphere, stoichiometric using four-step “full” mechanism. WI is the
negative of the normalized full reaction rate and WI - CT is that obtained from the
Crocco transformation of Eqn. (5.12). WH is the normalized H-atom reaction rate and
WH - CT that obtained from the Crocco transformation.
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The resulting formulation does not show directly the dominant influence of k;; on the
flame speed and extinction that sensitivity analysis implies. It may be more appropriate
to focus on the production of H-atoms by the chain-branching step IV and center the
inner layer where this is a maximum. Both diffusion and local consumption by the fuel
are significant in the H-atom balance at this point. The production of H-atoms (which
are here a surrogate for OH and O as well) is basically controlled by the competition
between the forward and backward rate of Reaction 1, with the backward rate being
abetted by Reaction 10b. The production of H-atoms by step IV will be a maximum
at some value of H-atom concentration between zero, where production is zero, and its
partial equilibrium value, where production is also zero. Achievement of this optimum
H-atom concentration at a point in the lame where H, and O, concentrations are such
as to also maximize H-atom production could be the mechanism controlling flame speed
of premixed flames and extinction of diffusion flames.

In the region of the flame where w,, peaks, B in Eqn. (2.6) is negative and B> >> 4C
so that we have

—B

~ (kUFHro, + kg T2, — knfrcy,ry)/(kwroy + k-;erzO)

Q

- klllrer/kls- (6.1)

Also

Ton, = kufFOH.FH/ (kmro) . (6.2)

Substitution of Eqns. (2.5), (6.1) and (6.2) into Eqn. (2.4b) yields

Wy = pzklf:[“H{I“()2 — K4F§JQOF§1/(K§K1F§13)}/{1 + kleH/ (k4bK3FH2)}

- pzklerng(){kllerz/kw + kllfFCH4FH/ (kleOH + k4ergO)}

- pzkrolyFG'ngii/<k13rO) . (6.3)

For simplicity of presentation the terms involving Iy, in Eqn. (6.3) have not had T,
and Ty expressed in terms of I'y. It can be seen that for a given mixture fraction
and values of T';y,,l w0, and ¢,,, (representing progress of the other steps I to III,
respectively) there will be a value of I'y which maximizes w,, . In the original asymptotic
analyses [3,4] Ty is placed in steady state within the critical layer while in another
approach [6,7] all the negative terms in Eqn. (6.3) are neglected. It may be better to
assume that I'y at the w,, peak is given by the value which maximizes w,, and use this
in solving equations for I';, and I'y; around this peak. The total production of H-atom
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on the fuel side of the H-atom peak can then be set equal to the fuel consumption
required of step I.

7. Conclusions

It can be concluded that formally reduced four-step mechanisms give excellent mod-
els for the complex kinetics of methane-air combustion in a wide range of premixed and
diffusion flames. Four-step mechanism which involve full steady-state assumptions for
O-atom and CH; appear to give predictions closer to their parent skeletal mechanism.
A simplified version of the mechanism in which many of the less important terms are
dropped works well for diffusion flames, and with the inclusion of one or two terms (yet
to be found) should also give good results for premixed flames.

Inclusion of the Lewis number in definitions of conserved scalars does not appear
to be justified. It appears to be best to formulate conserved scalars in terms of the
sensible enthalpy and species concentrations for species with Lewis numbers close to
unity. A reactive scalar is defined which marks the progress of step 111 of the mechanism.
It indicates that the thickness of the flame associate with mole reduction kinetics is
significantly higher than that associated with the consumption of the fuel. Use of this
variable as a Crocco variable has been demonstrated but the resulting transformation
of the balance equations for species and temperature do not appear to be very useful.

It is suggested that analysis of the inner layer may be more appropriately cast in
terms of the H-atoms being at a concentration which maximizes their production at the
peak of their production.
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CHAPTER 6

STRUCTURE OF THE OXIDATION LAYER
FOR STOICHIOMETRIC AND LEAN METHANE-AIR FLAMES

K. Seshadri and J. Gottgens
Institut fiir Technische Mechanik
RWTH-Aachen, D-5100 Aachen

Federal Republic of Germany

1. Introduction

Reduced chemical kinetic mechanisms have been successfully employed previously [1,2]
to describe the structure of laminar, premixed methane-air flames. The reduced, four-
step, chemical-kinetic mechanisms used in these analyses was deduced systematically
from a detailed chemical-kinetic mechanism by following procedures described in de-
tail elsewhere [3]. The essential common feature in these analyses was that the basic
structure of the lame was presumed to consist of distinct layers which includes an inner
layer of thickness of O(6) and an oxidation layer of thickness of O(g) with the presumed
ordering 6§ < ¢ <« 1. All of the hydrocarbon chemistry was presumed to occur in the
inner layer which is defined as the merged structure of the fuel and radical consumption
layers. In this layer the fuel is attacked by radicals to form CO and H,, and the ratio of
the thickness of the fuel consumption layer to the thickness of the radical consumption
layer was denoted previously by the parameter w [2]. In the oxidation layer the CO and
H, formed in the inner layer are oxidized to CO; and H,0. In the previous analyses
[1,2] the water gas shift reaction was assumed to be in equilibrium everywhere in the
oxidation layer except in a thin region of thickness of O(r) which is embedded between
the inner layer and the oxidation layer with § < v < ¢.

The analysis of Peters and Williams [1] considered the limit w — oo, wherein the
thickness of the radical consumption layer is much smaller than the thickness of the
fuel consumption layer. In this limit the concentration of the H radicals are in steady
state everywhere in the reaction zone except in the radical consumption layer, which is
embedded in the fuel consumption layer. Hence, the reduced four-step chemical-kinetic
mechanism effectively reduces to a three-step mechanism. Asymptotic analysis was
performed by Peters and Williams for stoichiometric flames [1] using only the principal
elementary reactions to characterize the overall rates of the reduced mechanism. When
only the terms of leading order are retained in the analytical expression for the burning
velocity v,, the predicted value of this quantity at p equal to 1 atm was 48 cm/s, which
is slightly higher than the measured value of v, at these conditions. Also, the predicted
value of v, decreased too rapidly with increasing values of p [1]. The results of the
asymptotic analysis [1] were improved by including a number of additional chemical
reactions in the overall rates of the reduced mechanism through numerical evaluation
of an integral involving an iteration for determination of the integrand.

Seshadri and Peters [2] subsequently refined the analysis of Peters and Williams [1]
by considering a four-step mechanism and including the effects of additional reactions
by algebraic parameters to avoid the iteration of Ref. 1, which would be inapplicable
with the four-step mechanism. The elementary chemical kinetic mechanism employed
in Ref. 2 to deduce the reduced four-step mechanism, and the rate parameters for these
reactions were identical to that used here, with the exception of reaction 10b. Analytical



112

solutions for the burning velocity eigenvalue were obtained [2] in the limit w — 0, and
w — oo, and by use of numerical integration an approximation for the eigenvalue was
postulated as a function of w, which includes these limiting expressions. Using the results
of the analysis the burning velocity was calculated for stoichiometric methane-air flames
for values of p between 1 atm and 80 atm. At p = 1 atm the calculated burning velocity
was 48 cm/s which is higher than the measured value at these conditions. However, the
predicted decrease in the value of v, with increasing values of p was in agreement with
the measurements.

The results of the previous asymptotic analyses show the values of € and 6 to decrease
with increasing values of p [1,2], and the presumed ordering § < ¢ was retained over
the entire range of values of p, considered in these analyses. Hence, the inner layer and
oxidation layer do not appear to merge. However, the presumed ordering ¥ < € does
not appear to be generally valid [1,2]. In fact, the numerical value of v appears to be
larger than the value of €. This observation implies that the effects of non-equilibrium
of the water gas shift reaction must be considered everywhere in the oxidation layer,
and this is the motivation for the present study.

The analysis reported here attempts to improve the description of the structure of
the oxidation layer, and the previous asymptotic description of the inner layer is retained
[2]. Fuel-lean flames are also considered in the analysis. One of the major goals of this
work and previous work [1,2] is to provide guidance for the numerical approximation of
laminar flame data in the construction of flamelet libraries.

2. Structure of the Post-Flame Zone

Downstream of the flame, in the post-flame zone the reaction products are in chemical
equilibrium, and the temperature is equal to the adiabatic flame temperature. The
equilibrium concentrations of the products are determined as described elsewhere [4]
by assuming that only the species O,, H,, CO, CO, and H,0 are present and are in
chemical equilibrium, and that the enthalpy and the element mass fractions are equal
to those in the unburnt gas. For given values of ¢, p and the initial temperature, T,,,
the adiabatic flame temperature, T}, and the mass fraction of species ¢ in the post-flame
zone, Yy, can be calculated. The equivalence ratio is related to the mixture fraction Z

by
Z (1-2.)
Z, 1-2)°

where Z,; = 0.055 is the stoichiometric mixture fraction. Although the asymptotic
analysis is performed for non zero concentrations of O, OH, H and HO, in the post-flame
zone, these species were neglected in the calculation of T; because their concentrations
are negligibly small in this zone. In Fig.1 results of thermo-chemical calculations are
plotted showing the conditions in the post-flame zone as functions of ¢.

¢ = (2.1)

Shown in Fig. la, in addition to T, is the adiabatic flame temperature T, for com-
plete combustion with Y4, = Yco = 0, which corresponds to the overall reaction
CH, + 20, — CO, + 2H,0. In this limit the products would contain unburnt O,
for fuel-lean flames. If the heat of combustion for this overall reaction per mole of CH,
consumed is denoted by (—AH), then

T,
/ CP.PdT = (—AH)YFH/WF for ¢ S 1 .
T,
where ¢, p is the specific heat at constant pressure of the product mixture (N, CO,,

H,0 and O, or CH,). Yy, denotes the mass fraction of the fuel in the initial reactant
stream, and W, is the molecular weight of species 1. Figurel shows that there is a region
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Figure 1. Results of thermochemical calculations showing the conditions in the burnt
gas zone of the flame at p = 1 atm and T, = 300 K for (a) temperatures and (b) mass
fractions.
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in which the products contain O;, H, and CO simultaneously. Expansions later will be
performed about T, rather than T,.

3. Reduced Chemical-Kinetic Mechanism

A chemical-kinetic mechanism describing the oxidation of methane is shown in Table I.
Employing the procedure described in Ref. 4, a four-step mechanism can be deduced
from this mechanism by assuming that there exists a dynamic steady state for the
concentrations of the species O, OH, HO,, H,0,, CH;, CH,0, CH;0 and HCO. The
four-step mechanism can be written as

I CH, + 2H + H,0 = CO + 4H,,
II CO + H,0 = CO, + H,,

III H+H+M=H, +M,

1\ 0, + 3H, = 2H,0 + 2H.

The reaction rates wy, k = I, I, II1, IV for the overall reactions I-IV can be related to
the reaction rates of the elementary reactions w,,n = 1,2,...,25 shown in Table 1 and
are

Wp = Wy — Wiop + Wiar — Wb + Wazr — Wizp
Wy = Wes — Wop
Wy = Wee — Wyp — Wior T Wiop T Wie — Wig + Wig (3.1)
- Wage + Wagp + Wage — Waap T Wase — Wasp
Wiy = Wy — Wy + We + Wi + Waze — Wanp 5

where the subscripts f and b identify forward and backward rates, respectively. The
values of the reaction rates w, shown in Eq. (3.1) are proportional to the product of
the concentration of the reactants and the rate constant k, of the elementary reaction.
Results of numerical calculations have shown that reactions 10f, 19, 21, 22f, 22b, 23f and
23b have only a minor influence on the burning velocity of premixed flames; therefore,
as in Refs.2 and 3 they are neglected in the analysis reported here. Differently from
the previous asymptotic analysis [1,2] the backward steps of reactions 5, 24 and 25
are included in the analysis, hence the overall rate of reaction III shown in Eq. (3.1) is
modified to include the rates of these backward reactions. Although reactions 5b, 24b
and 25b have negligible influence on the value of v,, they are included in the analysis to
facilitate matching of the oxidation layer with the post-flame zone. In addition to the
steady-state assumptions, as in previous analyses [1,2], the elementary reaction 3 shown
in Table 1 is assumed to be in equilibrium yielding the algebraic relation Cox = 7y Cy,
where C; is the molar concentration of species ¢ and

_ Cmo
7= K.C,

(3.2)

in which K; = 0.23 exp (7530/T) is the equilibrium constant of the elementary reac-
tion 3.
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TABLE I

Skeletal Methane-Air Reaction Mechanism

Rate Coefficients in the Form k; = AT?exp(—E,/RT).

Units are moles, cubic centimeters, seconds, Kelvins and calories/mole.

REACTION A 8 E
1f. H+0,-O0OH+O 2.000E+14  0.000  16800.
1b. OH+0—-H+0, 1.575E+13  0.000  690.
of. O+H,—-OH+H 1.800E+10 1.000  8826.
2b. OH+H — O+ H, 8.000E+09 1.000  6760.
3f. H,+OH—H,O+H 1.170E4+09  1.300  3626.
3b. H,0+H— H,+0H 5.000E+09  1.300 18588,
4.  OH+OH — O+ H,0 6.000E+08  1.300 0.
4b. O+ H,0 - OH+OH 5.900E+09  1.300  17029.
5. H+0,+M — HO, + M* 2.300E+18 -0.800 0.

6. H+ HO, —» OH + OH 1.500E+14  0.000  1004.
7. H+ HO, — H, + 0, 2.500E+13  0.000  700.
8. OH +HO, - H,0+ 0, 2.000E+13  0.000  1000.
of. CO+OH - CO,+H 1.510E4+07  1.300  -758.
9b. CO,+H —CO+OH 1.570E+09 1.300  22337.
10f. CH,+(M)— CH,+H+ (M)* 6.300E+14 0.000  104000.
10b. CH,+ H+ (M) - CH,+ (M)* 5200E+12 0.000 -1310.
11f. CH,+ H — CH, + H, 2.200E+04  3.000  8750.
11b. CH,+H,—CH,+H 9.570E+02  3.000  8750.
12f. CH,+ OH — CH,+ H,0 1.600E+06  2.100  2460.
12b. CH,+ H,0 — CH,+ OH 3.020E+05  2.100  17422.
13. CH,+0—>CH,O+H 6.800E+13  0.000 0.
4. CH,O+H — HCO+H, 2.500E+13  0.000  3991.
15. CH,0+OH — HCO + H,0 3.000E+13  0.000  1195.
6. HCO+H —CO+H, 4.000E+13  0.000 0.
17. HCO+M —>CO+H+M 1.600E+14  0.000  14700.
18. CH;+ 0, - CH,0+0 7.000E+12  0.000  25652.
19. CH,0+H — CH,0 + H, 2.000E+13  0.000 0.
20 CH,O+M —CHO+H+M 2400E+13 0.000  28812.
21. HO,+ HO, —» H,0,+ 0, 2.000E+12  0.000 0.
22f. H,0,+M — OH+OH+M 1.300E+17  0.000  45500.
22b. OH +OH +M — H,0,+ M 9.860E+14  0.000  -5070.
23f.  H,0,+ OH — H,0 + HO, 1.000E+13  0.000  1800.
23b.  H,0 + HO, — H,0, + OH 2.860E+13  0.000  32790.
2. OH+H+M — H,0+ M* 2.200E+22  -2.000 0.
25. H+H+M-—H,+M* 1.800E+18  -1.000 0.

® Third body efficiencies: CH, = 6.5, H,0 = 6.5,C0, = 1.5,H, = 1.0,C0 = 0.75,0, =
0.4, N, = 0.4 All other species =1.0

* Lindemann form, k = k., /(1 + k;.u/[M]) where k;,,; = .0063 exp(——187000/RT).
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4. The Conservation Equations for a Steady Premixed Flame

For a steady, planar, adiabatic deflagration at low Mach number the equation of motion
implies that the pressure is essentially constant. The equation for mass conservation
can be written as

PU = p, U, (4.1)

where p is the density and v the gas velocity. The index u denotes conditions in the
unburnt gas. Lewis numbers for species 7 are defined as L; = A /(p ¢, D;), where X is the
thermal conductivity and ¢, is the mean specific heat; the diffusion coefficient D; is taken
to be that of species 7z with respect to nitrogen, and the binary-diffusion approximation
is employed. The values of the Lewis numbers for all species are assumed to be constant.
Using the notation of the previous analysis [1,2], the non-dimensionalized species and
energy balance equations can be written as

Le(Xp) = —wi,

Lu(Xn) = —2w; — 2wy + 2wy,
Ly, (Xn,) = 4wy + wy +wip — 3wy,
Lu,0(Xu,0) = —wi — wy + 2wy,
EO,(XO,) = —Wv,

Lco(Xco) = wy — wy,

Lco.(Xco,) = wi,

L(r) = Qi + Quwi + Quuwm + Quvwiv ,

The operators are defined as £; = d/dz — (1/L;)d?/dz?, and L = d/dz — d*/dz*. The
non-dimensional independent variable z is related to the spatial coordinate z' as

:c:/z (pve,/A)dz',
0

and the quantities X; and 7 are related to the mass fraction of species ¢, Y; and the gas
temperature, T as

_Yw, _T-T,
S YaW.) TL-T.
where the subscript F denotes the fuel. In the analysis the average molecular weight
W is assumed to be a constant equal to 27.62 kg/kmol; hence X; is the mole fraction
of species 7 divided by the initial mole fraction of the fuel. The non-dimensionalized

reaction rates w, and the non-dimensionalized heats of reaction @, of the reduced four-
step mechanism are defined as

AWe wy Yr(—AH,)

Y= ¢p Yru (pu vu)z » @ = ep(Te — Tu) Wr'

X, (4.3)

(4.4)

The non-dimensionalization of Eq. (4.4) will also be applied to the rates of the elemen-
tary steps. Since assuming steady states and negligible concentrations for CO,H, and H
enables the overall reaction CH,+ 20, — CO, +2H,0 to be deduced from the four-step
mechanism by adding twice reaction IV to the sum of reactions I, II, and III, it follows
from the definition of Q; given in Eq. (4.4) that Q: + Qu + Qu: +2Qv = 1.
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A schematic illustration of the presumed structure of the premixed flame is shown
in Fig.2. It consists of a chemically inert preheat zone, followed by the inner layer, the
H,-CO oxidation layer and the equilibrium post-flame zone. The structure of the inner
layer is similar to that shown in Refs. 2 and 3. In the inner layer all the hydrocarbon
chemistry occurs, resulting in the formation of H, and CO as well as some H,0 and
CO,. The oxidation layer is governed by the overall reactions II-IV and H, and CO
are oxidized to form H,0 and CO,. The concentration of fuel is zero in the oxidation
layer, and the H-radicals are in steady state. In the post-flame zone downstream of the
H, — CO oxidation layer, H, and CO are in partial equilibrium according to reaction II.

5. Asymptotic Analysis of the Inner Layer

Since the asymptotic analysis of the inner layer is identical to that of Ref. 2, only the
results of the previous analysis will be shown here. Also following the development in
Ref. 2 the backward rates of reactions 5, 24 and 25 will be neglected in this layer. The
thickness of the inner layer is presumed to be of order 8, where

5 {kuk;’aXo,]o ,

5.1
ki, k3 Ly (5-1)

in which the superscript 0 implies that these quantities are evaluated at the origin,
z = 0, which is taken to coincide with the location of the inner layer, and at this point
T = T° and X; = X. Other quantities in Eq. 8 are

ks = ki + (k3 kron + Ykiy)/k1s](Cr/Co.) »

Ky, = kysy + Vs

K., = kyy + vhis/ K (5.2)
ky, = kap + v Kska,

ki = ki + YKk

For near stoichiometric flames the value of X3  is of order €, where ¢ is a measure

of the thickness of the H,-CO oxidation layer. In addition, the ratio ky/k;,, is small,
and k!, /k}, is roughly of order unity; hence é will be presumed to be smaller than e,
and the ordering 6 < ¢ used in the previous analyses [1—2{ is retained here. Asymptotic
analysis show this ordering to be valid also for highly fuel lean flames.

Following the analysis in Ref. 2 a quantity L which contains the burning velocity is

defined as
L= Aé (k;”k;a/k;’a)"LpR" , (5.3)
where
ao Yo [A 0[5]2 ,
v2Wpe |c,| LT

oo { ey, X o, X, v
N ’Yklbh' Ky, + ('7 kyay + k25!)CM] ’
k;h = kZb + ’7194! .

(5.4)
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Figure 2. A schematic illustration of the overall flame structure.

The concentration of the third body Cy, appearing in Eq. {5.4) can be written in terms
of the Chaperon efficiency 7, of species i(: = 1,...N) as

Cus = [PWJ(RT)| S 0 Ys W,

i=1

where the gas constant is 2 = 82.05 atm cm®/(mol K), and p is in atmospheres. In the
previous analysis [2] two limiting structures for the inner layer were identified depending
on the value of a parameter w defined as

w=26Ly/R. (5.5)

The quantity w represents the ratio of the thickness of the fuel-consumption layer (of
order 6), where the reaction I is presumed to occur, to the thickness of the radical-
consumption layer of the previous analysis [1].

A schematic illustration of the presumed structure of the inner layer in the limit
w — 0, and L/w = 0(1) is shown in Fig.3a [2]. The fuel-consumption reaction I will
occur in a thin layer of thickness of order 6w~?/%, which for convenience is presumed to
be located at ¢ = z/§ = 0. The structure of this layer resembles that of a diffusion
flame into which fuel diffuses from one side and H-radicals from the other. Outside this
diffusion layer in the region of positive = there exists a radical non-equilibrium layer
of thickness of order §w~*, where the concentration of fuel is zero. From analyzing
the structure of the diffusion-flame layer shown in Fig. 3a it can be shown [2] that the
quantity L is given by the expression

Lo = 2w(1 + 2k + 40/3 + 8¥/15 + 20), (5.6)
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where

K

il

{ kstM(k7 + ’Yks) ° 0= vkyk (’7 k24f + k25f)CM ’ R°
) bl

klf(ks + k7 + ’Yks k;f XH: klf XO: (5 7)
U= [ vkl ]0 _ [k;kaObXH; - Z’Yklbklon,]o
- ;f XH: , - klf kiS on ‘

A schematic illustration of the presumed structure of the inner layer in the limit w — oo
with L = 0(1) is shown in Fig.3b. Here, the fuel-consumption reaction I occurs in a
relatively broad layer, and embedded in this layer is a thin layer of thickness of order
6w™/?, where reaction IV is not equilibrium. Asymptotic analysis of the structure of
this layer shows that [2]

., 8 5 15 5 5 15 (3-48%+p*
== 2kt =04 20+ ox + 20 + —p[——— " In(1
L7 15[{1+216+16 +3¥ Xt 0+4u[ T n(1+ g) 59
20% —48° — 96% + 38 + 69y 1 o )
— 251+ B) ]} —u(lnu+lnEu+C—1)].
The various parameters appearing in Eq. (5.8) are defined as
_ (YK wkis Ryo
8= [y ko, )
k,2f k' XI?! 0 kis Xo, 0
= 2114 =1,
u [klj' k"ls XO, R] [ k'ub XH,] (5 9)
_ [kaYFuW]" '
N k17WF ’
E = (Bi1p + nass RTr + Eyp + 1y RTr — E)8(T, - T,)r°
e RTo> ’

where E, and n, refer to the activation energy and the temperature exponent of the
frequency factor of the elementary chemical reaction shown in Table 1, T, being the

reference temperature, set equal to 1600 K [1,2], and C = 0.5772 is Euler’s constant.

An ad-hoc approximation to determine L for all values of w has been proposed and
tested previously [2] and is given by the expression

L —0.18
L=1Le [1—<1+Ei8—01,-> ] . (5.10)

Equation (5.10) will be used with the equations derived from analyzing the structure of
the H,-CO oxidation layer to calculate the burning velocity of the flame.

6. Analysis of the H,-CO Oxidation Layer

The burning velocity v, can be calculated from Eqgs. (5.1-5.10) if 7°, X3 , X3 and
Xg,0 are known. To determine these quantities the structure of the H,-CO oxidation
layer downstream from the inner layer must be analyzed. In this layer simplifications
to the conservation equations arise because convection can be neglected in the first
approximation and Xz = 0; hence w; = 0. The H radicals are presumed to be in steady
state in this layer, hence from Eq. (4.2) wy; = wyy. It can then be shown [2] that for
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Figure 3.A schematic illustration of the inner layer in the limit (a) w — 0, L/w = O(1)
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small # and k and neglecting the backward rates of reactions 5, 24 and 25, Xy is given

by the expression
Xy =R(1-0/2-k/2). (6.1)

With wi; = wiv and the neglect of the convective terms in Egs. (4.2) the expressions

d? co
42 = Wi
d2
‘E[-’EH, + 1300] = 2wy
2
—|Zy, + Too — 2%0,] =0
d:lzzz[ H, co 03] (62)
;i;;[sz + Zu,o0] =0
d2
zi';;[fﬂco + 1300,] =0
d2 .
ﬁ[(Qm + Q) (2w, + Zco)/2 + Quco + 7] =0,

where for convenience the definition
T; = Xi/Li (6.3)

is introduced. From thermo-chemical tables the numerical values of Q; + Qv and Qy
are 0.6232 and 0.0363 respectively.

For stoichiometric and near stoichiometric flames the values of Xy,,,, X¢op and Xo,1,
are of order €. Hence, the following expansions are introduced

2qz =¢en, qry, =e(b+052y,), ¢zco=c(ba+ 0.52¢0)

. 6.4
2q.’l:o, :E:(a‘*‘Zoz), T=Tb——€t, Ty =Xy, — €2, Z:H20,002, ( )

where
_K; Xco, Ln,

o=
K9 XH,O LCO

in which K, = 0.0096 exp(11623/T) is the equilibrium constant of the elementary reac-
tion 9. Other quantities appearing in Eq. (6.4) are to be evaluated in the post-flame
zone with b = ¢Xy,.,/(eLy,), ¢ = 2¢Xo,,/(eLo,) and 7, = (T, — T..)/(T, — T,) and for
comparison with the previous analysis TZ] the quantity ¢ = 0.33. In the analysis ¢ is
presumed to be a small quantity, and #, 2y, 2c0, 20, ¢, @, b, @, 2, 7, and t are of
order unity. Introducing the expansions (6.4) into the coupling relations Egs. (6.2)s,
(6.2)4, (6.2); and (6.2)s, and integrating using the matching conditions that the values
and gradients of the quantities zy,, 2co, 2; (¢ = H,0, CO,) and ¢ vanish at n — oo, the
following relations are obtained to the leading order

(6.5)

20, =2, @2u,0o=2—0.5200, ¢2co, =0.52¢0,
2¢qt = (Qm + le) 2+ Qu 2co ,

where the quantity z is defined as

(6.6)

2=0.524, + 0.52¢0 . | (6.7)

Under the assumption that (v k.., + k35;) Cm/(y k},) is small, an expression for the R
of Eq. (5.4) may be obtained from Egs. (3.2) and (6.4) and substituted into Eq. (6.1)
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to show that Xy can be expressed as

P Ki”? K3* Ky L2 L2 (2 + b — 0.5200)**(2 + a)'/? L0 (6:5)
e 272 Xy 00 2 2]’ '

where K; = 12.7exp(—8108/T) and K, = 2.25exp(—1040/T) are the equilibrium con-
stants of elementary reactions 1 and 2, respectively. Using the expansion for X, shown
in Eq. (6.4) the steady state concentration of HO, can be written as

eks; Cy Lo, (2 + a)
2q(kes + krp + vhsyg)’

where the formation of HO, via the backward rates of reactions 6, 7, and 8 and the
destruction of HO, via the backward rates of reaction 5 are presumed to be small. The
source terms wy; appearing in Eq. (6.2), can be written from Egs. (3.1) and (4.4) in
terms of the expansions shown in Eqs. (6.4) as

XHO, =

(6.9)

Wi = 2q 63 DIII GIII{(z + 0)3/2 (Z + b— 0.5200)3/2 —_ KIOII KI'II (Z + a)

T Gl S°l(z + 0) (2 + b — 0520)" — K3 Kbl}, (6.10)
where
Dy = Alkss O K1 K" K3)° (L, Lo,)** (1 — £/2 - 6/2)
25/2 X904
g 2K K, Ly, )2 (Kaas + kass/7)(1 = /2 - 6/2)
kss Lo,
Ky = 2" kg, X XH,oq2
€2 (ks + kg + vhsr) K1 K3/ K3 (1 — k/2 — 8/2) LY LY? (6.11)
K, = 2(y K kyap + kase) X X5 008°
&3 (Ykyay + kasy)Cm Ky K, K2 (1 — k/2 — 8/2)2Lo, L,
Gy = kss Cw K" Ky (Aep) Xi,0 (Iﬁ)z
(ksy Cu KG'" Ko'* Ko)° (A/€)° Xpipo \ T

G;n = S/Soa KI’II = KIII/KIOII’ K;4 = K24/K§4 .

In the inner layer Gy; = G';; = 1, and following previous analyses {1,2] the quantity €
will be presumed to be

e= Dy’*. (6.12)
Introduction of the expansions Eqgs. (6.4) into Eq. (6.2), followed by use of Egs. (6.6),

(6.7), (6.10), (6.11) and (6.12) with Gy, = Gy, = Kj;; = K, = 1, results in the leading-
order problem

d2
%’; = (2+a)*/* (2 + b~ 0.5200)"/* — Ky(2 + a)
+ 8°[(z + @) (2 + b — 0.52¢0)* — K3, (6.13)
éj =_—1 at =0 aded —0 as — 00
dn ®TED § '

The boundary conditions at = 0 and n — oo were obtained from matching with the
inner layer [2], and the post-flame zone, respectively. The parameter S° is evaluated
at T = T°, while the parameters Kj;;, and K, will be evaluated at T = T, and is
asymptotically justified because they differ from their values at T = T° by quantities
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of O(¢). Evaluation of Ky;; and K4 at T = T, ensures that d’z/dn’ = 0 at n — oo, and
from the definition these parameters as shown in Eq. (6.11) it follows that at T = T,
Ky =a'? b, K, =ab®.

To complete the description of the structure of the oxidation layer it is necessary to
derive a differential equation for zgo. The source terms wy; appearing in Eq. (6.2);, can
be written from Egs. (3.1) and (4.4) in terms of the expansions shown in Egs. (6.4) as

2
wy = (2¢/€) Dy Gy (2 + a)? (2 + b — 0.52¢0)"? (zCO 1 fa z) (6.14)

where
q(1+ &)° kg, ngo Lo

skg.f C?VI Kg LH: LO:
o (Lt ek (KOED(Me,) (T°)°
T 1+ )0 kY (K Ka) V2 (Me,) \ T
In the inner layer G;; = 1. Introducing Egs. (6.4) into Eq. (6.2);, followed by use of

Egs. (6.6), (6.7), (6.11), (6.12), (6.14) and (6.15) with Gy, = 1, results in the leading-
order problem.

DII =
(6.15)

d? 2
ZSO — DII(Z + a)1/2 (Z + b - 0.5200)1/2 (ZCO - ° Z)
dn 1ta (6.16)
dzgo d zgo .
——=-1 at n=0, —0 as 7 —o0.
dn dn

The boundary conditions at 7 = 0 and 7 — oo were obtained from matching with the
inner layer [2], and the post-flame zone, respectively. Equations (6.13) and (6.16) imply
that

0

2] {(z + a)*? (2 + b — 0.5200)** — Kiy (2 + )

o]

+ S°l(z + a) (2 + b — 0.5200)° — K24]}dz =1 (6.17)

zZ, o 2
2Dy, f (z+ a)l/2 (z+b— 0.5:;.30)1/2 (200 ~ 1 f

o]

z)dzco =1.
a

The solution of Eq. (6.17) to determine 2° and 2, as a function of a, b, S°, and Dy
must be obtained numerically. For a given value of ®, thermochemical calculations
would yield the values of T,, Xo,5, Xu,b, Xcon, Xco,b, and Xy on. The quantities a, b
and Dy, depend on € which may be expressed as a function of T° according to

_ T,-T°

S O(T-T,)°
The quantity t° is related to 2°, and 22, as shown in Eq. (6.6). In addition S° depends on
T°; hence all parameters in Eq. (6.17) depend on results from the structure of the inner

layer. The quantity L defined by Eq. (5.3) can be written in terms of the expansions
shown in Eq. (6.5) as

€ (6.18)

L B KR+ 0 + b= 0528, L,
R ORRS KT T (T /2 0]2)

(6.19)
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where use has been made of Egs. (5.1), (5.4), £6.4), (6.6), (6.7), (6.11) and (6.12).
Eq. (6.19) expresses L in terms of T°, 2° and z3,. Since Eq. (5.10) provides an in-
dependent expression for L as a function of T°, the quantities T°, 2°, and 2%, can be
calculated numerically when Egs. (6.13) and (6.16) are integrated. In view of Eqgs. (6.12
and 56.18;, the burning velocity can be calculated by rewriting the first of Egs. (5.4
and {6.11) as

oYX O[E]Z
“T Wr e, LT°

(ks Cu K1 K3'” Ko)° (1 — 5/2 = 0/2) (Ly, Lo,)** (T, — T°)°
25/2 XI(-)I,O (Tc —_ Tu)4 (t0)4 q4 .

(6.20)

6.1 Analytical Solution of Egs. (6.13) and (6.16) in the Limit Dy — oo
witha=5b=0

In the previous asymptotic analyses [1,2] the water-gas shift reaction II was assumed
to be in chemical equilibrium everywhere in the oxidation layer except in a thin sub-
layer located between the inner layer and the oxidation layer. To facilitate comparison
between the value of zi’{ obtained from the present model and that outlined in Ref. 3,

analytical solution of Egs. (6.13) and (6.16) in the limit Dy — oo, with a = b = 0 will
be obtained. In this limit Eq. (6.16) yields the leading order solution (1 + &)zgo = 2 2.
It follows from the definition of z shown in Eq. (6.7) that (1 + )2y, = 2z. Substituting
these results into the first of Eq. (6.17) and integrating yields the leading order result

S0 ~1/4
0 __ nl/4 013/8
2°=2"*(14 o) [1 + AT e)h ao)m} . (6.21)

As in the previous analyses the influence of reactions III and IV will be neglected in
the non-equilibrium layer. Hence, d®z/dn? = 0 everywhere in this layer. To obtain
corrections to the leading order solution of z, and z¢o the following expansions are

introduced
22°

_ 1
2y, = ————-(1 n a°) + vz,
20 2° s (6.22)
Zco = m + V2o
n=vs,
where
v=Dy"? (6.23)

represents the thickness of the layer where the water-gas shift reaction is not in equilib-
rium. Introducing the expansions Eq. (6.22) into Eq. (6.16) yields the equations
__d2 zy, _ d?zl, _ 20zt — 0 24 | ' (6.24)
de? d¢? (14 a)3?
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Boundary conditions for Eq. (6.24) obtained from matching with the inner layer at
¢ =0, and the oxidation layer at ¢ — oo are

1 1
dzy, dzg,

= =—1 at ¢=0
d¢ ds =S (6.25)
dzI}Iz _ 2 dzy, _ 2a° ; oo
d¢  1+a’ d¢ 140 at ¢ '

The solutions of Egs. (6.24) together with the boundary conditions of Egs. (6.25) are
. 1—a° (z°)1/2 2
2, (1 + a0)?/4 (20)172 p (1+ a0)i/ T 11 a0
L 1-a° (20)V/? 2a°
2o = eXp |~ il T T
(14 aP)3/4(20)1/2 (1+ o)/t 1+of

Combining the first of Eq. (6.21) and (6.26) the value of 2 to the first order in v is

S
(6.26)

¢.

22° 1—-a°

o —
2y, = 1+ o) v (1+ a0)3/% (20)172

+ O, (6.27)

where 2° is given by Eq. (6.21). The result for 2, obtained from Eq. {6.27) for various

values of 15 will be compared with that obtained from numerical evaluation of Egs. (6.13)
and (6.16).

The solid lines in Fig. 4 represent results of numerical evaluations of Egs. (6.13) and
(6.16) for various values of Dy with @ = b = 0, and S° = 0.23, and ° = 0.15. This
result is compared with that calculated from Eq. (6.27), which is shown by the dotted
line in Fig.4. For values of Dy; > 1 the deviation of the asymptotic value of 25 from the

numerical value is less than 10 %. However, for near stoichiometric flames at p = 1 bar
the value of Dy is around 0.35, and at this value of D;; the asymptotic results deviates
from the corresponding numerical value by approximately 20 %. Hence, the values of
the burning velocity calculated from the present model can be expected to be different
from those predicted previously [1,2].

7. Results and Discussions

Equation (6.20) was used by the procedure described in section 6 to calculate the
burning velocity as a function of the equivalence ratio, initial temperature, and pres-
sure. In these calculations the value of A/¢, appearing in Eq. (6.20) was expressed as
Ale, = 2.58 x 1074(T/298)°" g/(cm/s). The Lewis numbers for the various species were
presumed to be constant, with Ly = 0.97, Lo, = 1.1, Ly,0 = 0.83, Lgo, = 1.39, Ly, =
0.3, Ly = 0.18 and L¢o = 1.11. Calculations were performed for values of ¢ between
0.5 and 1.0 for values of p between 1 atm to 40 atm, and for T, = 300 K.

Numerical calculations of the coupled system of Eqgs. (6.13) and (6.16) together with
Egs. (5.10) and (6.19) show that the value of Dy; appearing in Eq. (6.16) is small. Hence,
it was necessary to consider a rather large integration domain. To improve the accuracy
and speed of the numerical computations, the differential equations were rescaled by
defining a new small parameter ¢,, which is based on the characteristic Damkohler
Number of reaction II. Thus

_ [ AR, (KOKS) 2 (Lo, Ly, )/ Loo (1 + 0°) (1 — /2 — 6/2)]7°
- 25/2¢3 ’

€m
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Figure 4. Results for 2z} obtained from numerical evaluation of Eq. (6.30) and (6.33)

for @ = b = 0,8° = 0.23, and a = 0.15 shown as solid lines and that calculated from
Eq. (6.44) shown as dotted lines.

where the subscript m will be used to identify the variables and parameters in the
modified formulation. The expansions introduced for the dependent and the indepen-
dent variables which are now identified with the same symbols with the addition of
the subscript m, are similar to that shown in Eq. (6.4) with € replaced by ¢,,, and the
coupling relations of Eq. (6.6) are recovered. If, as before the variations of the values
of the chemical reaction rate coefficients, transport coefficients and Xy, are neglected
in the oxidation layer it can be easily verified that the modified form of Eq. (6.16) does
not contain any parameters, while the r.h.s. of the modified form of Eq. (6.13) must be
multiplied by a parameter Dy, which is to be evaluated from the expression

emk?, CL K Ly, Lo,
4XP,0k8 Loo(1 + @) |

The quantity Dy, is the reciprocity of Dy; defined in Eq. (6.15) with € replaced by ¢,,.
It can be Veriﬁed that Dn = (Dnlm)—s/4, and £ = Em(DIIIm)—1/4'

Dy =

The parameters S°, Ky, and K4, appearing in the modified form of the differen-
tial equation (6.13) are the same as those defined in Eq. (6.11) with ¢ réplaced by &,,.
The r.h.s. of the modified form of Eq. (6.19) with z° and 2, replaced by the modified
variables 2% and 2%,,, must be multiplied by Dyy,, to obtain L,,. The modified form of
the expression for calculating the burning velocity is that shown in Eq. (6.20) with °
replaced by t°, and divided by Diy,,- The dependent (2, 2com) and independent ()
variables in this modified formulation must be multiplied by (Dyy,,.)'/* to recover the
dependent (2, zo0) and independent (n) variables shown in Eq. (6.13) and (6.16).

Figure 5 shows profiles of zgo and zy, obtained from numerical integration of the
modified forms of Eqs. (6.13) and (6.16) in terms of the original variables shown in those
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Figure 5. Results of the numerical integration of Egs. (6.30) and (6.33) for Dy =
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0.35, S° = 0.23, a® = 0.15, a = 0.5, and b = 0.5.
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Figure 6. Results of numerical calculations showing 2°,2%,,a,and b as functions of ¢

for p = 1 atm and T, = 300 K.
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equations. The calculations were performed for Dy = 0.35,5° = 0.23,a° = 0.15,a =
b = 0.5 which roughly correspond to the values of these quantities at ¢ = 1,p = 1
atm, and 7,, = 300 K. Further details of the procedure employed in performing the
numerical integration are discussed in the Appendix. Figure 5 shows that the value of
Zgo is larger than the value of 2z, everywhere in the oxidation layer. Since a® < 1, the
values of zgo approaches a° zy, only for large values of . Hence, reaction II is not in
chemical equilibrium in a major part of the oxidation layer. ‘

Figure 6 shows results for 2%, 2} ,a and b for various values of ¢ for p = 1 atm
and T,, = 300 K. The increase in the values of @ and the exponential decrease in the
values of b with decreasing values of ¢ is due to the increase in the concentration of
oxygen, and the decrease in the concentration of hydrogen and carbon monoxide in
the post flame zone. However, Fig.6 shows only a small decrease in the values of 2}
and 22, with decreasing values of ¢. Fig.7 shows the values of L and w as functions
of ¢, demonstrating that w increases with decreasing ¢. It has been shown previously
[2] that for stoichiometric flames the value of L decreases and the value of w increases
with increasing pressure. Hence, the expression for L given by Eq. (5.8) becomes more
accurate for fuel lean flames at high pressure, and the structure of such flames would
resemble that shown in Fig. 3b.

In Fig. 8 the variations of k, # and o with ¢ are shown and in Fig. 9 the variation of
§ and ¢, which represent respectively the thickness of the inner layer and the oxidation
layer shown is Figs.2, 3a and 3b are plotted as functions of ¢. The former shows that
the current expansions, treating k, 8, and ¢ as small, are reasonably accurate, and the
latter shows the relative orderings to be reasonable. Since the ratio /¢ appear in the
expansions shown in Eq. (6.4), this quantity effectively represents the thickness of the
oxidation layer, and from Fig.9 it can be verified that § < /¢ for all values of ¢.
Fig.10 shows that the values of ¥ and x as a function of ¢ are not small, so there is
some inaccuracy in the expansions in Egs. (5.6) and (5.8), although the effects tend to
be mitigated by other terms; at high pressures these inaccuracies disappear [2]|. Fig.11
shows the variations of the quantities S° and Dy with ¢ for p = 1 atm and T, = 300
K, and the values of these quantities are small. In Fig.12 the temperature in the inner
layer T° is plotted as a function of ¢. The value of T° decreases with. decreasing values
of ¢. Since Eq. (6.20) shows that the burning velocity is proportional to (T, — T°)*, the
burning velocity must decrease with decreasing ¢.

In Fig. 13 the burning velocity v, is plotted as a function of ¢ for various values of
p, and for T, = 300 K. The solid lines represent results from the asymptotic analysis de-
scribed here and the points represent results from full numerical calculations performed
with the rate data of Table 1 for p = 1 atm and T,, = 300 K. For p = 1 atm the solid
curves in Fig.13 indicate that the burning velocity attains a value of 31.5 cm/s at ¢ =
1.0, and is below the value obtained from detailed numerical calculations.

In Fig.14 results for the burning velocity obtained from the previous asymptotic
analysis [2] for stoichiometric flames are shown as dotted lines, and are compared with
that obtained from the present model which are shown as solid lines, for various values of
p. Results for the burning velocity shown in Fig. 4 of Ref. 2 were incorrectly calculated
and the corrected results are shown in Fig.14. This computational error does not
influence the values of other quantities plotted in Figs.3-10 of Ref.2. Figure 14 shows
that around p = 1 atm the previous asymptotic analysis yielded values for v,, which were
generally higher than those predicted by the present model. However, both models
predict that the values of v, decrease with increase in the value of p in accord with
experimental measurements. In particular, the current model predicts the experimental
finding that dinv,/(dinp) is roughly equal to —0.5 for values of p between 5 atm and
40 atm.
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Figure 12. Variation of the temperature at the inner layer T° with ¢ for various values
at the pressure p, and for T, = 300 K.
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Figure 13. The burning velocity v, as a function of ¢ for various values of the pressure
p at T, = 300 K from the present theory (lines) and from numerical integrations using
the mechanism of Table 1 for p = 1 atm and T, = 300 K (points).

It has been shown previously [1] that an effective activation energy E.;; may be

obtained by fitting v, to an Arrhenius form in T;. Hence, if E,;; = 2RT2d[In(p,v,)]/dT,,
then from differentiaton of Eq. (6.20) with respect to T;, under the assumptions that 7°
is independent of T, and that T; equals T, the relationship

ART? T°-T, dTu]

Ei =7

i Tb—]."u,[:rb_To—*_dT‘b

is obtained. If the quantity dT,/dT; is neglected, an effective Zel’dovich number [5] can
then be defined as
_E (T -T.) _ 4

T Rpo-T) et

where use was made of Eq. (6.18). In Fig. 15, this Ze is plotted as a function of ¢ for
various values of p at T,, = 300 K. Interestingly, the value of Ze increases rapidly with
decreasing values of ¢. The large value of Ze near the experimentally observed flamma-
bility limits implies that the flame is extremely sensitive to heat losses, and hence it
would be increasingly difficult to obtain in practice steady flame propagation in increas-
ingly fuel-lean mixtures. These observations could bear on why flammability limits are
observed in experiments even though detailed numerical calculations show that steady
flame propagation is possible for very fuel-lean mixtures [6]. It must be emphasized, as
discussed in Ref. 1, that the large value of the Zel’dovich number obtained here is related
to T°, which is determined by the relative rates of important elementary reactions, and
is unrelated to one-step activation-energy asymptotics.
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8. Conclusions

This paper attempts to refine the asymptotic analysis of methane flames initiated in
[1,2] by considering non-equilibrium of reaction II everywhere in the oxidation layer. It
shows that such an analysis in principle can be done but that many parameters enter
into the formulation. Nevertheless, the essence of the structure originally proposed in
[1] remains valid in the entire range of equivalence ratios and pressures considered here.
A vparticularly useful result is the possibility of defining and calculating an effective
Zel’ldovich number and thereby establishing a link to previous large-activation-energy
analyses.
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T A S N R W—

35
30 S

25 4
Ze

TYTr Y rr|rrrroyvy

20

FUTEFE B FURYS | P AT ET I WA et

15

10 -

ki
§

0.5 0.6 0.7 0.8 0.9 1

Figure 15. Variation in the value of the effective Zel’dovich number with ¢ for various
values of p at T, = 300 K.



135

References

1. Peters, N., and Williams, F. A., “Combustion Flame” 68 (1987), 185-207.

2. Seshadri, K., and Peters, N., “The Inner Structure of Methane-Air Flames”, to
appear in Combustion Flame (1990).

3. Peters, N. , ”Numerical Simulation of Combustion Phenomena” {R. Glowinski,
B. Larrouturo, and R. Teman Eds. ), Lecture Notes in Physics 241, Springer Ver-
lag (1985), 90-109.

4. Kennel, C., Gottgens, J. and Peters, N., “The Basic Structure of Lean Propane
Flames”, Twenty-Third Symposium (International) on Combustion, The Combus-
tion Institute, Pittsburgh, to appear (1990).

5. Williams, F. A., “Combustion Theory”, 2nd Edition, Blaisdell Publishing Com-
pany (1985).

6. Lakshmisha, K. N., Paul, P. J., Rajan, N. K. S., Goyal, G. and Mukunda, H. S.,
“Behaviour of Methane-Oxygen-Nitrogen Mixtures near Flammability Limits”,
Twenty-Second Symposium (International) on Combustion, The Combustion In-
stitute 1988, 1573-1578.

Appendix

The following is a brief description of the numerical algorithms employed in solving
the present asymptotic model. Since the temperature T° is unknown and has to be
computed as part of the solution, it is necessary to solve a set of non-linear equations
to obtain the burning velocity. However, for a given value of T° most parameters
can be evaluated readily. Therefore a feasible procedure is to assume a value of T°
and test whether the values for L from the equations (5.10) and (6.19) agree, i.e. one
needs to solve one non-linear equation as a function of a single independent variable.
Additional complications arise because the quantities 20, 25, , Dyn, @, @, b,, and S°
are mutually dependent, which requires solving the ODEs (6.13) and (6.16) as part
of the function evaluation. Here this is done using a pseudotransient method, where
the second derivatives are approximated by the standard second order space-centered
formula and evaluated implicitly. The source terms are both evaluated at the previous
time step, which leads to two independent linear systems with tridiagonal matrices and
(almost) constant coefficients. Asymptotic boundary conditions are used at the right
boundary, which are non-linear for small values of b,,, as shown below. An advantage
of the pseudotransient method is that the computation of the parameters D1y and 8°
can be easily embedded within the pseudotime iterations.

Instead of using homogeneous Neumann or Dirichlet boundary conditions at very
large values of 7, boundary conditions which are compatible with the physics of the
problem are derived (which consequently significantly reduce the computational time).
For nearly stoichiometric mixtures, a,, and b,, are small, but of the same order of
magnitude. The dominant eigenvalue can then be estimated to be

1] 6(1-a)
* (e b4 = 3/431/4
s* &~ max [ (@nb)®, 2\ L + &) Do @b, ] (A1)
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and the boundary condition used is

' '
Em = Zoom g (A2)
Zm 2com

For lean mixtures b,, becomes very small such that the linearized equations are valid
only at very large values of n. Also a,, is then no longer small, so that in the region
of interest we can neglect z,, in the term a,, + z,,. In this case it is better to expand
the equations about b,, = 0. To leading order this implies that 2¢o,, is proportional to
2y, Namely 2com = 72n, where r is a constant between 2a/(1 + o) and 2. Substituting
Zcom = T2m into one of the differential equations leads to

Dy, Dy, 20 Dy,
=1- +4/(1 - 242 A3
" a,, \/(7 a,, ) + 1+a a,, ( )
and the boundary conditions now are
, 22,/
By = T
5-l)IIm
12 2%8om
ZEIOm =T 1 = (A4)
\/ SDIIm
~ D
Dy, = L

[am(1 ~ r/2)]*"

which are linearized with respect to pseudotime {which requires to update only the last
main diagonal element in the iteration matrix).
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1. Introduction

Activation energy asymptotic analyses based on one-step, irreversible reaction mod-
els have made significant contributions to our understanding of diffusion-flame structures
and extinction conditions [1-4]. Some of these studies have indicated that for methane-
air diffusion flames, increasing strain produces increasing leakage of the fuel through
the reaction zone, which results in lower flame temperatures and subsequent extinction
of the flame. This leakage of fuel, however, is contrary to the oxygen leakage observed
in experimental measurements [5-9] and also in numerical calculations employing full
reaction mechanisms [9-13] and simplified reaction mechanisms [14,15]. In order to rec-
oncile such differences between analytical results with a one-step reaction model and
numerical calculations with detailed chemistry, asymptotic analyses involving reduced
reaction mechanisms have been performed [16,17]. More recently, additional aspects of
the approach adopted by Trevifio and Williams [17] have been considered, and detailed
comparisons have been made with experiments [18

Although they begin with basically the same four-step reduced mechanism, the two
asymptotic approaches [16,17] are quite different in that they emphasize two different
limiting cases. Both approaches have identified two principal reaction zones, a thin
fuel-consumption zone and a somewhat broader but still asymptotically thin oxygen-
consumption zone. The fuel-consumption zone is located (at Z; on the mixture fraction
coordinate) on the fuel-rich side of the stoichiometric point (Z,). All of the complex
fuel chemistry occurs in this zone by reaction of fuel species with the radicals diffused
from the oxygen-consumption zone to form CO and H,, as well as H,O and CO,. The
oxygen-consumption zone extends from the fuel-consumption zone to the fuel-lean side
of stoichiometry, where O;, H; and CO are consumed, while chain carriers are produced
by the H; — O; branching reactions, with additional H;O and CO; also formed. The
chain carriers are removed through termination mechanisms beginning with three-body
steps on the fuel-lean side of the fuel-consumption zone and also through reactions
with fuel species in the fuel-consumption zone. The two analytical approaches dif-
fer in the way that the radical-nonequilibrium layer at the interface between the fuel-
and oxygen-consumption zones is treated. In one approach [16] it is assumed that the
radical-nonequilibrium layer is thin and is embedded in the fuel-consumption zone, with
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the ratio of the thickness of the fuel-consumption zone to that of radical-nonequilibrium
zone (w) treated as co. In the other approach [17], the opposite limiting case, w — 0
is assumed, implying a narrow fuel-consumption zone which can be approximated by a
reaction sheet. In a recent study, Seshadri and Peters [19] have shown that the actual
value of w is about 0.1 for low pressures, but becomes of order unity at elevated pres-
sures. Except for these differences in the treatment of the radical-nonequilibrium layer,
the other aspects of the analytical approximations [16-18] are similar and they have
both predicted qualitatively correct diffusion-flame structures and extinction conditions
that are consistent with the results of numerical integrations employing full kinetics
[9-13]. The intention here is to present the detailed structure and extinction results
employing the reaction mechanism given in Table II of Chapter 1, since the previous
studies employed somewhat different rate data.

After a discussion of the formulation of the problem, the simplified reaction mecha-
nism and the reduced conservation equations, attention is focused on the fuel-consump-
tion zone. Because of the complexities of the chemistry in the fuel-consumption zone
and since the limit w — 0 seems to be reasonable for low pressures, the subsequent con-
sideration of the structure adopts the reaction-sheet approximation for this zone. Next,
a simplified treatment of the oxygen-consumption zone is presented and is employed to
calculate extinction curves that are then compared with results obtained by the approach
of Seshadri and Peters {16], by experiments [8] and by numerical integrations [20]. The
inaccuracies associated with employing a constant-density approximation in relating the
experimentally measured strain rates to the scalar dissipation rates are demonstrated
by considering a variable-density mixing layer, and new comparisons are made with the
corrected values. Agreements are improved and results help in interpretations to the
meanings of observed extinction parameters.

2. Formulation

The present formulation and notation parallel those employed previously [17,18].
As shown in [21], for example, it is convenient to use the mixture fraction Z as an
independent variable since this allows us to perform most of the analyses without any
reference to specific flow configurations. With a well-known set of reasonable approxi-
mations [22], the conservation of species and energy in the N-component mixture can
be written for locally planar flames as

A d? .
—'C—|VZ|2EZ?(Y:/L.)=‘L0., Z=1,...,N, (21)
P
' A 2d2T N h?w,
SVl 22)

where A is the thermal conductivity of the mixture, ¢, is the specific heat at constant
pressure, which is treated as a constant, Y; is the mass fraction of species i, w; is the
chemical source term of species z, h? is the chemical enthalpy of species i, and L; is an
effective, constant, Lewis number for species ¢ in the mixture (inversely proportional
to a diffusion coefficient of species 7). For example, for combustion in air, this can
be considered as a Lewis number based on the binary diffusion coefficient of species
i with V;, as detailed in Chapter 1. As is the common practice in analytical studies
of diffusion flames, in Eq. (2.1), we have chosen not to expand L; about unity in the
hope of achieving better accuracy, even though the formulation, involving only one Z,
formally is restricted to value of all L; unity.

With the subscripts 0 and oo identifying the conditions in the oxidizer and fuel
streams respectively, the nondimensional temperature  and normalized mole fractions
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y; are introduced, according to the formulas

0 = (T — To)eyWen,Len,/(Qr¥en.), (2.3)
Y = KWCH‘LCH‘/(L;VV;YCH‘m), 7 = 1,...,N. (24)

Here Qr (192 keal) is the heat released in the overall reaction
CH4 + 202 g COg + 2H20 (2.5)

and W; is the molecular weight of species ;. With these nondimensional variables, the
nondimensional forms of Eqgs. (2.1) and (2.2) are

d*6 M &P X
27 Y g = (Y hayy), 2.6
d73 ?:_:I%TJ a73 (g h:y, ) ( )
d*y; d .

== yur;, 1=1,...,N 2.7
=S 27)

where there are M reactions, each having a nondimensional rate
ry = w,'(WCH‘LCH‘/YCH‘QO)(C?/A)/IVZI’, ] = 1, .o ,M, (28)

a nondimensional heat release ¢; = Y1, hivi; = Q;/Qr, and a net increase v;;(= Vis Vi)
in the number of moles of species ¢. Here w; is the molar rate per unit volume for
step j, hy (=h?W;/Qr) is the nondimensional heat of destruction of species i, and Q;

(=XN, hW.1;;) is the energy released in step j. With fixed two-point boundary con-
ditions for § and all y;, specified at Z = 0 and Z = 1, there is a one-parameter family
of solutions dependent on a strain-rate parameter that increases monotonically with a
representative value of (A/pc,)|VZ|?. The only flow-dependent parameter in this formu-
lation is the common factor |V Z|? and its description involves approximations somewhat
at the discretion of the investigator. The implications of the simplified transport and
thermodynamic descriptions employed in Egs. (2.6)-(2.8) have been discussed in detail
elsewhere [18].

For the case of steady, planar, counterflow flames established between two planar,
parallel, porous plates, boundary-layer approximations are unnecessary if appropriate
boundary conditions are applied at the feed exits. Introduction of the mixture fraction
as the independent variable is helpful in automatically including convective effects in
a formally purely diffusive-reactive formulation (1], but strictly speaking this can be
done only for Lewis numbers of unity, since otherwise there is more than one mixture
fraction. The procedure can be motivated by a formal expansion about Lewis numbers
of unity, for example, followed by stretching about the stoichiometric mixture fraction,

Z‘ = [1 + (ZYCH,aoWo,)/(WCH,YO,O)]—l, (29)

which itself is a small number for these flames. Comparisons are then made in the
thermodynamic coordinates of temperature and concentrations as functions of Z, and
the problem of predicting profiles in the physical coordinate, which is a separate and
largely unrelated problem, is not addressed. For comparison with results of experiment
and of more detailed numerical integrations, Bilger’s definition of the mixture fraction
(which enforces a fixed Z,) is adopted (see Chapter 2). As earlier [17], for formal con-
sistency of the development, exact for a stagnant diffusion layer but only approximate
for other configurations, Eq. (2.9) will be modified by multiplying Yo,0 by Leg,/Lo,, a
10% correction of Z,, within profile uncertainties, giving Z, = 0.051 for air.
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3. Reaction Mechanism

The elementary reaction mechanism adopted here is given in Table II of Chapter 1.
In addition, the elementary reaction step

(Step 26) HO,+ H —» H,0+0

has been included to investigate the influence of the additional branching effects of the
HO, reaction path. Under the assumptions of partial equilibrium for step 3 and steady
states for CHj, H,CO, HCO, HO,, and O, motivating neglect of the concentrations of
these species, the reduced four step-mechanism :

2 ' ' — '
c'I:r.,+[——1+ ]0H+[——27 ]H—»co+[2+47]ﬂz+[—1 7]H20, I

,Yl 1+,Yl 1+,Yl 1+,Yl
1434 2 24! 24
o, + |12 g |2 |log+ |22 | H H,0 I
o [T e (] o + [ + ] o
2 2y 1— 4 2
OH + || g+ |22\ 1, » |——| B0, III
[1+7’] +[1+7’] +[1+7’] ’—)[1+7’] ?
CO + H,0 = CO, + H, v

can be derived [17], where
v' = Ksen, /cno- (3.1)

In general ¢; denotes the concentration of the species ¢ and K; = kj./k;» the equilibrium
constant for step j. The rates for each of the four steps are found by reductions now
considered standard to be

W = Wy14 + W12 — W1op — Wiiss (3.2)

Wit = Wia +Ws + W2s — W1 + Wro,, (3.3)
1

wrrr = wWs + wiop + Wie + Wag + was + -z'wﬂo, + ‘z'wnco +wo — EwCHs’ (3.4)

Wiy = Wga — Wep. (3.5)

The net molar rates of production w; of intermediates HO;, HCO, C H; and O have been
retained to identify the subtractions that were made in deriving the Egs. (3.2)-(3.5).

Further reductions of the four-step mechanism can be achieved by introducing the
partial-equilibrium approximation for step 9 [16-18], leading to a simpler three-step
mechanism. Whenever the approximation leading to this three-step mechanism is valid,
the water-gas shift reaction [step (IV)] is in equilibrium, along with the partial equilib-
rium for step 3. Although these two partial equilibria are helpful for facilitating analysis,
they tend to be inaccurate in certain regions and therefore are in need of further study.

4. Reduced Conservation Equations

The steady-state and partial-equilibrium approximations yield relationships among
various species so that the number of independent species are reduced. With steady
states for C Hs, H,CO, HCO, HO;, and O, the mechanism of Table Il in Chapter 1 gives

Wi1a + Wi2s — Wigs — Wiy — wys = 0, (4.1)
Wiz — Wy — wys = 0, (4'2)

Wig + Wi — Wig — w17 = 0, - (4-3)



141

Wy — Wg — Wy — wg — wae = 0, (4.4)
Wig + Wap + Wag + Wag — Wiy — Waa — W — wyz = 0. (4.5)

Solution of these equations for the concentrations of c; of the intermediates gives

0 e b Vo o
CHc0 = %u_ﬁ:c__ﬁcz’%};’ (4'7)
CHO: = kscon -f EZ’:‘_}C_’;;O_’}_ kas)en’ o
co = (k1aCo, + kacon + kascro, Jcr + kaaChy (4.10)

kucon + kaaca, + kucr,o + kiscen,

where cp; denotes the sum of the concentrations of all species, weighted according to
their chaperon efficiencies for step j, and the k’s are specific reaction-rate constants
parameterized in Table II of Chapter 1. The partial-equilibrium for step 3 results in

CoH = CHCHQ/(K;;CHQ). (411)

Since elimination of co through Eq. (4.10) is more complicated, simplifications have
been introduced in the analysis of the oxygen-consumption layer. The revision of step
(I) when the ccy, was not eliminated through its steady state has been considered in a
previous study [18]; here however, for simplicity, the steady state for ccy, is employed
everywhere.

The concentrations are related to the y; of Eq. (2.4) by
=y Li(Yon,e/Lon,)(W /Wen,)p/(RT), i=1,...,N, (4.12)

where p is the pressure, W is the average molecular weight, and in terms of the chaperon
efficiencies #;; of each species ¢ in reaction j

N
cu; = Zl(ije/ W.)Wp/(RT) = n;p/(RT). (4.13)

Here 7; is defined as a molar-weighted chaperon efficiency for species j. Equations (4.6)
through (4.11) allow us to eliminate six concentrations from the conservation equations.
The remaining seven concentrations must be obtained by solving the differential equa-
tions. From the mechanism of Table II in Chapter 1 it may be shown from Eq. (2.7)
that

d*yen, [dZ* = r1, (4.14)
d*yo,/dZ* = ry, (4.15)
dzy}g/dZ2 = 2ry — 2ry; + 2ry, (4.16)
Pyco,/dZ? = —rpy, (4.17)
dz(ycn, + yco + yco,)/dZ2 =0, (4.18)

&(yr + yor + 2yn, + 2ymo + 4yon,)/dZ* = 0, (4.19)
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d*(Yo + Yor + Ym0 + Yco + 2yco, + 2y0,)/dZ* = 0, (4.20)

where the r7, 777, 1y and ryy are related to wy, wrr, (wrrr — wo) and wyy through Eq.
(2.8), respectively, and the overall radical-pool concentration variable is

Yr = Yr + Yor + 2yo. (4.21)

Here the concentrations of C Ha, H,CO, HCO, and HO, have been assumed to be small
enough to be neglected. Equations (4.18)-(4.20) express conditions of atom conservation
in the chemistry.

5. General Flame Structure

As indicated in the introduction, the asymptotic approaches [16-17] have identified
separate fuel-consumption and oxygen-consumption zones, where the fuel and oxidizer
chemistry appear through the steps (I) and (II), respectively. The main difference be-
tween these two approaches arises in the way steps (III) and (IV) are distributed in the
structure. In the approach of Seshadri and Peters [16] (where the approximations par-
allel those employed in the premixed-flame structure analysis [23]), steady states for H
and OH are introduced, so that a three-step mechanism is obtained, and only the overall
fuel-consumption step (CHy + O; — CO + H; + H,0) occurs in the fuel-consumption
zone, while the overall oxygen-consumption step (O;+2H,; — 2H,0) occurs in a broader
oxygen-consumption zone, in which the water-gas step (IV) maintains partial equilib-
rium, except near its fuel-consumption boundary, where nonequilibrium of step (IV) is
included by a perturbation method. In the approach of Trevifio and Williams {17], par-
tial equilibrium of step (IV) was imposed everywhere for simplicity, and step (III) was
confined to a narrow recombination zone at the oxygen-side boundary of the oxygen-
consumption zone (at a location defined by equality of the rates of step 1a and 5, ie.
a radical cut-off point), so that step (II) occurred in the oxygen-consumption zone and
produced the intermediates H and OH, which reacted with C H, in the fuel-consumption
zone as a diffusion flame within the diffusion flame. Qualitatively, these two approaches
represent the two limiting cases where w — 0 and w — oo. Extension of the latter
approach to include the influences of the water-gas nonequilibrium and the distributed
radical recombination has been considered recently [18], and the results indicate that
the distributed recombination can influence the structure and extinction predictions
significantly, while the water-gas nonequilibrium has a higher-order effect. On the other
hand, within the context of the alternate approach [16] that corresponds to w — oo
it has been found that the water-gas nonequilibrium has a significant influence on the
extinction predictions because of its influence on the fuel chemistry when the radical-
nonequilibrium zone is embedded therein. Nevertheless, both asymptotic approaches
have shown that the extinction is caused by the finite rates in the oxygen-consumption
zone.

A recent asymptotic analysis of the premixed-flame structure with an arbitrary value
for w has shown that for atmospheric or low-pressure flames, the limit w — 0 may be
a reasonable approximation, while for higher pressures w order of unity applies [19]. In
order to test further the occurrence of these different limits and to have a better under-
standing of the distribution of the four steps across the flame, numerical calculations
with the detailed reaction mechanism given in Table II of Chapter 1 have been employed.
Figures 1 and 2 show a plot of the four rates wy, wis (neglecting wgo,), wirr —wo (ne-
glecting wyo,, wrco and weg,) and wyy, for low and high strain rates, respectively,
for methane-air diffusion flames in potential counterflows at atmospheric pressure and
stream temperatures of 300 K. There is seen to be no significant change in the structure
for different strain rates, except for the increase in the overall rates because of the oxy-
gen leakage and somewhat narrower flame thickness at high strain rate. Although, the
fuel-consumption zone is broader in mixture fraction than previously assumed fl7,18],
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the distributed-recombination approximation [18] is seen to be reasonable for all strain
rates. The water-gas equilibrium assumption is seen to break down on the wings of the
oxygen-consumption zone, but the departure at the fuel-consumption boundary is the
most important and has been analyzed in the earlier works [16,18].

Because of the significant simplifications that the limit w — 0 offers and its apparent
reasonable accuracy for low pressure flames, and because extinction apparently is caused
by finite rates of the oxygen-consumption zone, subsequent considerations in the present
chapter retain the reaction-sheet limit for the fuel-consumption zone.

6. The Oxygen-Consumption Zone

For flames at low-strain rates, flame structures have been previously [17,18] calcu-
lated based on the assumption that partial equilibrium of step II applies throughout the
oxygen-consumption zone. Furthermore, for simplicity, it is assumed that the water-gas
reaction is in equilibrium (wge = we;) everywhere in this zone; influences of water-gas
nonequilibrium have been investigated elsewhere [18], and the results have indicated
that in the present approach to the leading order it has no effect on the extinction
condition.

In the limit of large Damkéhler number for step (I), D; — oo, the flame structure
consists of a thin diffusion flame at Z; where the radicals are consumed by fast fuel
chemistry, and a somewhat broader oxygen consumption zone, which extends to the
lean side of Z; where partial equilibrium for step II is maintained. In this latter zone,
oxygen is consumed while radicals are produced through the H;—O, branching reactions.
Under these approximations the lean end of this zone is determined by the crossover of
the branching (wy;) and recombination (wys;) steps. The temperature and the location
on the mixture-fraction coordinate at which this occurs is identified here as T, and
Z., respectively. Because of the large activation energy of step (II) (primarily of step
la) and low activation of step (III), below T, the branching is essentially negligible.
Under the present assumptions, at Z; and Z. the radical concentration vanishes, and
these two locations define the boundaries of the oxygen-consumption zone. At Z,,
H,;0 and CO,; are formed by fuel chemistry, and H; and CO are formed as well due
to incomplete combustion associated with freezing of the water-gas shift on the fuel
side. This H; and CO are consumed across the oxygen-consumption zone so that
their concentrations vanish at Z., while O; is depleted in this zone. Therefore, the
nonvanishing concentrations at Z, are those of O, CO;, and H,O, while those at Z; are
those of CO,, H;0,CO, and H,.

Under these conditions, integrals of Eqs. (2.6) ( with ho, = 0 adopted for brevity),
(4.18), (4.19) and (4.20) are seen to give " ‘

N
0= ki + Z(0 — hen,), (6.1)
=1
Yoo + Yco, = Z, (6.2)
2ym,0 + 2y, + You + yu = 47, (6.3)
2yo, + 2yco, + Yoo + Ym0 + You + Yo = 4Z,(1 — Z)/(1 - Z,), (6.4)

with yom, set equal to zero for this zone. Equation (6.4) has employed Eq. (2.9) with
the near-unity factor Lgg,/Lo, inserted, as indicated in the last paragraph of Section
2. At Z;, with ygs = yous = yos = 0, these equations give

0! = Zf(l + 000) - (hH:O - hH?)yH,f hae (hco, - hco)yoof, (6.5)
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Yooy + Yoo,y = 4y, (6.6)
Ya,s + Ymop = 275, (6.7)
2Yco.s + Yooy + Ym0y =4Z,(1 — Z;)[(1 — Z,) — 2yo,;. (6.8)

Thus, the concentrations and temperature at Z; can be determined in terms of Z; from
Eqgs. (6.5) through (6.8), with the use of yo,;=0 for partial equilibrium of step Il and
with water-gas equilibrium, given by

Yco,Yr, = Kco,ymoYco (6.9)
where

Kco, = (Ks/Ks)LooLn,o/(Lu,Leo,), (6.10)

while Eqs. (6.1) through (6.4) provide the following relationships at Z.
Yco,c = Ze, (6.11)
Ymoe = 2Ze, (6.12)
yOac = Z(Za - Zc)/(l - Zn), (613)
Z.=86./(140y). (6.14)

As mentioned before, the crossover temperature T, (or 6.) is determined by setting

the ratio

wrr  wie—wy twsk/(1+ k) (6.15)
Wwrrr — Wo Wy + Wy + Was '
equal to unity. This temperature has been calculated before [18] exhibiting the influence
of the competition of the recombination and branching effects on T.. In Eq. (6.15), the
parameter k is a measure of additional chain branching and recombination reactions
through HO, and is given by

Kk = (we + was)/(wr +ws) = (ks + ka6)/[kr + ks(con /cn )] (6.16)

The calculations for T, as a function of pressure are repeated here for the mechanism
given in Table IT of Chapter 1 and the results are shown in Fig. 3. At atmospheric pres-
sure, for the case cox/cy = 1 the values T, = 940K and Z, = 0.2 are obtained. These
results agree well with earlier [18] results and are consistent with numerical integrations
employing detailed kinetics, which gives T, = 1305 K and Z, = 0.27 at the crossover of
wrr and (wrzr — wo) (see Figs. 1 and 2).

@

To describe the structure in the mixture-fraction region between Z. and Z;, we
need to solve for the eight independent species and temperature. Equations (6.1)
through (6.4) (with fuel chemistry neglected), steady state for O-atom and the partial-
equilibrium approximation for steps 3, II, and IV provide eight relationships for the

nine unknowns. The other additional relationship can be readily obtained by a linear
combination of Eqs. (4.14), (4.15), (4.16), and (4.21) as

2

@(yﬂ + Yor +2yo + 2y0,) = 2r111. (6.17)

Because of the low-activation energies of the reactions contributing to wy;; and the
particular variation of H and O, concentrations in this zone, r;;; can be approximated
by a constant, 7. For these flames, this argument is supported by numerical results
shown in Figs. 1 and 2. With the boundary conditions at Z, and Z; [17,18], integration
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of Eq. (6.17) yields

yr + Yor +2¥o + 2yo, = 1(Z; — Z)* — (2, - Z.)(1 - 2)/(1 - Z.)
+ 2[yo,c + Ze — (1 + yo,.)2}/(1 ~ Z.) (6.18)

for Z, < Z < Z;. Use of yu + yor + 2yo = 0 at Z = Z; in Eq. (6.18) gives a cubic
equation for Z;, an approximate solution to which, for small r(Z; — Z.), is

— yO,c + Zc - yo:f(l - ZC) _ T(l —- Zc)s(l + yO;,f)(yO:c - yo:.f)2
1 + yO,c 2(1 + yO;:)4

For the case where partial equilibrium for step (II) is valid, ie. for low strain rates, there
is no oxygen leakage through the flame, thus yo,; = 0 applies. In applying Eqs. (6.18)
and (6.19), for simplicity, the contributions from steps 24, 25 and 26 to r;;; have been
neglected and the value of r has been estimated by use of yg and yo, profiles calculated
for r = 0; from these profiles, the integral of the right-hand side of Eq. (6.17) from
Z = Z, to Z = Z; can be calculated and is set equal to 2r(Z; — Z.) to estimate r.
The resulting estimate of r for different dilutions of the oxidizer and fuel streams with
nitrogen in stoichiometric proportions is shown in Fig. 4. Comparisons of Fig. 4 with
Fig. 6 of Chelliah and Williams [18] shows somewhat higher values of r at the lower
oxygen mass fractions with the present, improved rate data.

z, (6.19)

From Eq. (3.3) with wgo, neglected it is seen that the partial equilibrium requires
Wyp = Wy + We + Wae, Which, from the relationship following Eq. (6.16), can be written
as :
K
= k1a — 1k ks 6.20
CoxCo CHCO,[ 12+ (1-}-/9) SCM;]/ 1 ( )
In Eq. (6.20) cop is related to cy through the partial equilibrium of step 3, given by
Eq. (4.1), and when this applied with Eq. (4.12), Eq. (6.20) results in

Yr,o0Yo = Kniym, Yo, (6.21)
where Ko I
K = |k (——-——K )k }——3———}" 2= ,
o [ ta 1+& 5CMs kw LoLg,o (6.22)

In applying Eq. (4.10), the step 26 has been neglected, and the steady state for O
reduces to
_ (k1aco, + kzscon )em + kaacly

Co =
kuncon + krach, + kascryo

These results enable us to calculate species and temperature profiles in mixture-fraction
space.

(6.23)

Figure 5 shows representative results for the flame structure with partial equilibrium
of step II. The solid lines correspond to k = 0 and were calculated as described earlier
[17,18]. Shown by dashed lines for some of the curves in Fig. (7.2) are the modifications
produced if £ # 0, with the selection cog/cy = 1. The present results with the mech-
anism in Table II of Chapter 1 are seen to differ negligibly from those obtained earlier
18]. If the fuel-consumption layer is identified by the maximum value of the rate of step

I) in Fig. 1, then the corresponding value of Z; from numerical integrations is smaller
than that predicted here, but the width of the zone seen in Fig. 1 causes appreciable
chemistry to extend to values of Z greater than the Z; obtained here.

With increasing strain rate, the partial-equilibrium approximation for step éII)
breaks down so that the differential equation in Eq. (4.5) must be employed instead of
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Eq. (6.21). Following the earlier work [17], Eq. (4.15) is written as

d2 Yo,
dZ?

= Riryu[Kiryo, — (Ym.0/ym, o), (6.24)

where

(6.25)

R /A [chm] [pW]z kw LyLoLy,o
11 T

T V2P |Won, | |RT| &s L Lem,

The breakdown of partial equilibrium of wy; will modify the conditions obtained earlier
at Z = Z, and Z = Z;. Because of the finite rates of wy;, it is necessary to allow for
Yo,s # 0 due to the diftusion of O, into the inert zone on the fuel side, even with infinite
rates of fuel consumption at Z = Z;.

Since the effective activation energy in Ry is large and negative, it is found that the
partial-equilibrium approximation for step II, resulting in the relationship given by Eq.
(6.22), is best at the lowest temperatures and will become inaccurate as the temperature
increases, especially near Z; [17]. Therefore to attain simplifications in analyzing the
oxygen-consumption zone with breakdown of the partial-equilibrium approximation, a
sudden-freezing approximation is introduced [17], in which Eq. (6.22) is recovered from
Eq. (6.24) in the region Z, < Z < Z; where Z; 1s the mixture fraction at the freezing
point, while the term involving yo of Eq. (6.24) (reverse of reaction step II) is neglected
for Z; < Z < Z;. The accuracy of this sudden-freezing approximation is found to
improve with increasing effective activation energy for Ry [17].

The calculations for conditions for near extinction were repeated here by a method
similar to the methods described in the previous studies [17,18]|. A comparison between
partial-equilibrium and near-extinction profiles is shown in Fig. 6, and the differences
between the present predictions and those in ref. [18] again remain negligible. Oxygen
leakage, as well as reduced temperatures, radical concentrations, and extent of the
oxygen-consumption zone, are evident in approaching extinction and are consistent
with detailed numerical calculations. For this limiting strain rate, the fuel-consumption
layer is predicted to lie at a mixture fraction quite close to that of the peaks of w; found
from numerics and shown in Fig. 2. Although the numerical calculations show little
variation in the location of this peak with increasing strain rate, the results in Fig. 6
show an appreciable decrease in Z;, roughly the same as the decrease in the center of
gravity of the wy curves in Figs. 1 and 2 from numerics.

Figure 7 and 8 shows the influence of r on the flame structure with partial equilib-
rium of step II and near extinction, respectively, for the undiluted methane-air flame.
It is seen that the decrease in radical concentrations (mainly H-atoms) with increasing
r results in a decreased Z;. In the case of the partial-equilibrium structure, this shift of
Z; toward the stoichiometric position Z, is associated with an increase in flame temper-
ature by about 100K. For near extinction these effects are much smaller. The tendency
for the influences of « and r to cancel is evident in Figs. 7 and 8, although the effect
of r generally is the larger. All of these results are in agreement with our earlier [18]
findings.

7. Influence of the Variable-Density Mixing Layer on y
The scalar dissipation rate ¥, is defined here and earlier as
X = (2Mpe)IVZ], (7.1)

where we have used a Lewis number of unity. For counterflow flames, in terms of the
nondimensional coordinate n and nondimensional stream function f, it can be shown
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that near Z = Z;, with the Chapman-Rubesin parameter and the Schmidt number set
equal to unity,

X = 2(dv/dae/[Pexp(z | fn), (72)

where

I= /_ : exp(— /ﬂ: fdn)dn, (7.3)

and (dv/dz), is the normal gradient of the normal component of velocity in the external
oxidizer stream, the imposed strain rate. For flames of interest here, small values of
Z; afford simplification in calculating variations with Z. Near Z = Z; it is found that
Z varies smoothly with 7, the first discontinuity appearing in its fourth derivative at
n = ny. It is then found for small Z, that near Z = Z;

X = xs exp|2AZ — Z;)/Z;], (7.4)

Xs = 2(dv/dm)o/I(oo)2. (7.5)

In order to obtain x; from measured strain rates through Eq. (7.5), the value of I is
needed. A parametric study of the factor I has been performed recently [24] by con-
sidering the mixing of a variable-density, nonreacting counterflow of hot products (at
temperature T} ) against cold fuel (at temperature T, ). For an axisymmetric, counter-
flow configuration, with the Prandtl number, the Schmidt number and the Chapman-

Rubesin parameter set equal to unity, the conservation equations for momentum and
energy (or mixture fraction) can be written along the axis of symmetry in the self-similar

for
® £+ £ e - (a-1)2] - £} /2=, (76)
Z'+fZ =o, (7.7)

where the prime denotes differentiation with respect to 5. The corresponding boundary
conditions for potential flow on both sides of the mixing layer [20] are

fI=1, Z=1as n— +oo

ff=a Z=0as n— —oo, (7.8)

where a = Ty /T,. The numerical solution of this system of ordinary differential equa-
tions provides the necessary solution for the nondimensional stream function f as a
function of 1 to evaluate the parametric dependence of I.

Integration of Eq. (7.7) once, with use of Eq. (7.8), yields

I=1/z, (7.9)
and a further integration gives a relationship between Z and 7 as
n n
Z=] / exp(— / Fdn)dn]/I. : (7.10)
—o0 —n;

As seen from Eqgs. (7.3) and (7.9), I depends on a and 5, (or Z,). Figure 9 shows a
plot of I as a function of Z; for a range of values of a of interest. With decreasing
temperature of the hot products, the estimate of I approaches the constant-density
value, given by

Lionet = V21 exp(n}/2) = V2r exp([erfc™(2Z,)]?). (7.11)
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Since I appears as a square in Eq. (7.5), for methane-air diffusion flames the ratio of
I3 ../I? can introduce a factor of two error in relating the experimentally measured
strain rates to the scalar dissipation rates calculated here. The effect of these results in
interpreting the experimental measurements is addressed in the next section. Additional
discussion from a different perspective is given elsewhere [24].

8. Extinction Results and Discussion

Methods for predicting the dependences of flame structure on the scalar dissipation
rate and for determining the extinction limits have been described in detail elsewhere
[18]. After presenting dependences of the flame temperature and the oxygen leakage on
the stoichiometric scalar dissipation rate y,, calculated with the mechanism in Table II
of Chapter 1, detailed comparisons of the extinction predictions with the two asymptotic
approaches, with experiments [8] and with numerical integrations [20] are presented. As
far as the structure in the Z variable is concerned, there is no ambiguity of the stretch
effects because for given y, the Damkoéhler number associated with step (II) is well
defined. However, relating y, to the imposed strain rate, as seen from Eq. (7.5), can
have significant influence depending on the procedure adopted to evaluate the integral

Figure 10 shows the influences of £ and r on the variations of T; and Xo,; with y,.
Recombination in the oxygen-consumption zone is seen to lower the extinction strain
rate substantially, while the additional HO, chain channels increase it somewhat. The
two effects cause a shift in Z; in such a way that increasing r leads to a stronger variation
of flame temperature with strain rate, while increasing ¥ makes it weaker. Since the
effect of r exceeds than that of x, the combined effect is to decrease the extinction
strain rate. It has been shown [18] that as extinction is approached, the selection of
reaction-rate data affects these predictions appreciably, but the differences between the
present predictions with Table II of Chapter 1 and those with the best of the previous
data [18] are small.

All preceding results (except Figs. 3 and 4) concern the methane-air diffusion flame
for the conditions of the test problem. Further instructive comparisons can be achieved
by investigating the dependence of extinction on dilution. Two independent sets of ex-
periments have now been performed [8,20] on dilution effects in the counterflow mixing
layer at atmospheric pressure with both ambient streams at about 300 K. In these exper-
iments, methane and air were both diluted with nitrogen in proportions needed to keep
the stoichiometric mixture fraction Z, fixed. Although the experimental extinction re-
sults are in rather good agreement with each other [20], somewhat premature extinction
at low dilutions (that is for fuel-air systems) appears to have occurred from disturbances
in one experiment [8] and slightly delayed extinction at high dilutions, possibly from
burner heating, in the other [20]. Both experiments corresponded more closely to the
plug-flow boundary conditions of flow between parallel plates than to the potential-
flow boundary conditions of Eq. (7.8) [20]. This difference introduces uncertainty in
application of the preceding variable-density correction to I for the experiments.

Figure 11 compares various sets of results on the influence of dilution on the scalar
dissipation rate x, at extinction. The results of the detailed numerical integrations with
plug-flow boundary conditions are the most accurate ones for the given experimental
conditions. The numerical calculations employed the data in Table II of Chapter 1,
without the revision of the rate constant for step 10 described in Chapter 1. In the
experiments considered here [8] only the injection velocities were measured, and rota-
tional channel-flow theory [25] was employed to calculate the velocity gradient (dv/dz),
needed in Eq. (7.5) for obtaining the scalar dissipation rate. Moreover, the x; of Eq.
(7.5) was assumed to be representative of x,, which introduces an error in evaluating I
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and is discussed in the next paragraph. With this procedure, application of constant-
density I to the experimental extinction results is seen from Fig. 11 to produce good
agreement with the numerical results, especially in view of the deficiency of this exper-
iment at the higher values of Yo,0, as mentioned above. This agreement, however, is a
fortuitous compensation of canceling errors. From LDV measurements [20], for example,
application of the rotational-flow formula is known to produce values of the effective
oxidizer-side potential-flow velocity gradient (dv/dz), too large by an amount on the or-
der of a factor of two [20]. Therefore an improved rotational-flow description accounting
for the displacement effect of the hot-gas boundary layer at the flame, currently under
development by Kim and Libby, may be expected to lower the experimental curve for
constant-density I in Fig. 11 by about a factor of two and to correspondingly lower the
experimental curve for variable-density I, so that the latter achieves closer agreement
with the results of the numerical integrations, instead of being the poorest of all, as
Fig. 11 erroneously suggests. With this in mind, we see from Fig. 11 that the present
theory with =0 and r # 0 in general is in poorer agreement with the correct extinction
results than is the theory of Seshadri and Peters, although the predictions of the two
asymptotic theories are quite close to each other at low dilutions.

There are other approaches to testing predictions of scalar dissipation at extinction.
One is to employ (dv/dz), determined experimentally by LDV [20], thereby removing
inaccuracy associated with the use of the rotational-flow formula. It remains necessary
to determine I to obtain x, from (dv/dz),, and when this is done with the I from
the variable-density description there is rather good agreement with the x, from the
numerical integration, except at low dilution, where the result from numerics falls ap-
proximately half way between the experimental results interpreted by variable-density
and constant-density I’s. To see whether this difference is a consequence of inaccuracy
in application of the variable-density correction, Eq. (7.5) with both constant-density
and variable-density I’s was applied directly to the results of the numerical integrations,
to use the value of (dv/dz), obtained from the numerics for calculating y, through Eq.
(7.5) in the same manner indicated above, which then can be compared with actual
value of x, obtained from the numerics. When this is done for undiluted methane-air
flames, with the result (dv/dz),=391 s™! from plug-flow boundary conditions [20], it is
found that under the assumption x, = x; the variable-density I gives y, = 20.5 s™*
and constant-density I gives x,=8.6 s~!, while the numerical value, x, = 14.7 s™1, lies
between these values. For the potential-flow boundary conditions where (dv/dz),=509
s~! [20], corresponding calculations with numerics still gave x, = 14.7 s~! as the cor-
rect value but x,=26.7 and 12.1 s~ with the variable-density and constant-density I,
respectively. This last comparison clearly shows that an inherent uncertainty of about
a factor of two must be anticipated in deducing x, from (dv/dz), for real flames. This
uncertainty is associated with the strong variation of x in the vicinity of Z = Z,, shown
by numerical integrations [20]. This strong dependence also is seen in Eq. (7.4). Putting
numbers into this expression for the conditions of Fig. 8, for example, shows that x, is
less than x; by about a factor of two. The best way to use Eq. (7.5) for real flames
therefore is in conjunction with results like those in Fig. 8 to evaluate x; from Eq. (7.5)
and then relate x; to x, through Eq. (7.4). The uncertainties in precisely what values
should be selectec{ for Z; for flames with real chemistry are main sources of inaccuracies
in determining x, (which is inaccessible experimentally without elaborate laser-Raman
procedu§es) from experimental values of (dv/dz), by use of the flame-sheet results of
Section 7.

Also shown in Fig. 11 is a curve obtained employing the alternative asymptotic ap-
proach of Seshadri and Peters [16]. In calculating this curve a short reaction mechanism
is employed and the scalar dissipation rate is assumed to be constant across the reaction
zone. The reason to select this simple case was that the extinction predictions (for the
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undiluted methane/air lame) are seen to agree well with the more general model where
the variation of scalar dissipation rate is included and an extended reaction mechanism
is employed. Comparisons of the two asymptotic approaches show close agreement of
the predicted scalar dissipation rate at extinction for the undiluted case as indicated
above, but with increasing dilution the differences between the predictions of the two
approaches increase. The difference in slope of the two asymptotic approaches is the pri-
mary cause for the observed differences of the overall activation energy, seen in the next
figure. The water-gas nonequilibrium had no effect in the present approach; however,
in the alternate approach it has a significant influence on the extinction predictions.

The Arrhenius graph obtained by varying the dilution is shown in Figure 12. The
method for construction of such a graph has been outlined previously [3,18]. It gives a
effective overall activation energy on the basis of a one-step approximation as described
in Chapter 4. In this figure the straight lines are least-square fits; the activation energies
obtained from the two points at each end are shown in the figure, demonstrating that the
theoretical and experimental curves exhibit curvature in the same direction. The results
of detailed numerical integrations are available only for dilutions up to Xp,0=0.19.
Therefore the value of 27,300 indicated in Fig. 12 is from the slopes corresponding
to Xo0,0=0.20 and 0.19. The present prediction of extinction activation energy is seen
to agree well with the numerics for the range considered. The experimental curve is
less accurate, as indicated above, while the alternate approach [16] predicts values of
Ea much higher than the present approach at high dilutions. It is surprising that the
present results agree well with the numerics concerning Ea, considering the fact that
fuel chemistry was approximated by a flame sheet even though the Figs. 1 and 2 have
shown that the fuel-consumption zone is fairly broad and extends much into the oxygen
consumption zone. This agreement is fortuitous since Fig. 11 clearly shows that the
asymptotic approximations of Seshadri and Peters [16] are the better of the two at high
dilutions.

9. Conclusion

The purpose of this study has been to present an asymptotic approach to describe
the structure and extinction of methane-air diffusion flames employing the mechanism
in Table II of Chapter 1, to explore the effect of variable density in the interpretation of
experimental results, and to make detailed comparisons with experiments and numerics.
The present theory is seen to predict well the trend of the extinction scalar dissipation
rates with dilution, while the alternative approach [16], in which the fuel-consumption
zone is coupled to the rest of the structure, 1s seen to give better extinction predictions
at higher dilutions.

The interpretation of experimentally measured strain rates is shown to depend on the
method by which the integral I of Eq. (7.3) is evaluated. When the results for a variable-
density mixing layer are used, the extinction scalar dissipation rates are increased by
about factor of two over the values obtained with constant density. In addition, it
appears that the detailed numerical predictions of scalar dissipation rates agree better
with the experimental results when variable density is considered, if inaccuracies in
currently available rotational-flow descriptions are taken into account.

It is very likely that rates of the fuel chemistry do influence extinction conditions but
do not change the trend predicted here, which is seen to agree well with the numerical
integrations. Based on present comparisons, the results suggest that the correct model
lies between the two limiting cases considered here, and to confirm this asymptotic
analyses of diffusion flames must be carried out for conditions under which the parameter
w of Seshadri and Peters [19] is order of unity.
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1. Introduction

The systematical reduction of detailed kinetic mechanism of elementary reactions
to only a few global steps initiated by Peters t[l] and Peters and Williams 2] has opened
an avenue for chemically realistic modelling of a variety of reactive-flow problems which,
from the combustion-chemistry point of view, previously could be dealt with only in an
unsatisfactory manner. For instance, before the advent of systematically reduced ki-
netic mechanisms, simple global one-step and two-step models were employed to analyse
laminar reacting flows in all but the simplest flow geometries, and in turbulent combus-
tion outside the laminar-flamelet regime simple models of the eddy-breakup type were
used to formulate turbulent reaction rates. Whilst, unjustifiedly, the situation is still
unchanged with respect to modelling chemistry-flow interactions in turbulent combus-
tion, much research has been devoted to derive reduced kinetic mechanisms for a variety
of fuels, see e.g. [2-7], and to use them to analyse laminar combustion problems. In
most of the reduced-mechanism-based laminar-flame studies theoretical methods were
used as a tool for analysis, see e.g. [2,3,5,8-10] where also further references to theo-
retical work are given, whereas up to date only few numerical studies, e.g. [6,7,11,12],
have been carried out even for the simplest geometries. With few exceptions [7,11], the
various numerical studies using systematically reduced kinetic mechanisms have been
performed with a computer program developed by Rogg.

The reasons why systematically reduced kinetic mechanism are not yet widely used
in numerical simulations of combustion problems lie in various numerical difficulties
associated with these mechanisms. It is the purpose of this chapter to initiate a sys-
tematical compilation and analysis of these difficulties and to give first hints to their
resolution. Specifically, in this exploratory study we use a so-called “first-order sen-
sitivity analysis” as tool to identify and analyze some of the numerical difficulties en-
countered when using systematically reduced mechanisms in numerical investigations of
flame structures; further studies are in progress in which also other tools are employed.

Most applications of sensitivity analysis have centred about the sensitivity of lami-
nar reacting systems with respect to the rates of the elementary steps appearing in the
reaction mechanism, see, e.g., [13,14]. Notable exceptions are Smooke et al. [15], who
investigated the sensitivity of laminar premixed flames with respect to transport coef-
ficients, and Bockhorn [1-116] and Rogg [17], who investigated the sensitivity of turbulent
combustion systems with respect to various input parameters. Herein we investigate the
sensitivity of the structure of a freely propagating premixed laminar flame with respect
to the kinetic data of a detailed mechanism of elementary steps and, alternatively, with
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respect to the kinetic data of a systematically reduced mechanism consisting of only
four global reactions. From the results of the sensitivity analyses we draw preliminary
conclusions on the suitability of Newton’s method as the numerical-solution method in
conjunction with a systematically reduced kinetic mechanism.

2. Conservation Equations and Boundary Conditions

The steady, planar, adiabatic deflagration is considered. Mass conservation is pv =
PuUy, Where p denotes the density and v the velocity, and where the subscript  is used
to identify conditions in the unburnt gas. Momentum conservation is p = constant,
where p denotes the pressure. The conservation equations for energy and species mass
are

dT 1 d,dT\ dT & cy 1Y
o = a@(’\d—m) - d—mg(;/ﬂ’m) - ;‘;h.-w;, (2.1)
vﬁz—i(pY-V-)-}—w- i=1,.,N—1 (2.2)
P dz dz iV 19 9y ’ .

where Y; is the mass fraction of species i, V; its diffusion velocity, w; its mass rate of
production and A; its enthalpy of formation at temperature T'; ¢, denotes the mixture’s
specific heat at constant pressure and A its thermal conductivity. The mixture consists
of N chemical species, and Eq. (2.2) is applied to the first N — 1 of them, the mass
fraction Yy being obtained by difference. The boundary conditions for Egs. (2.1) and
(2.2) are

T=1T, Y,=Y, i=1.,N—1 at 2= —oo,

dT/dz =dY;[/dz =0, i=1,..,N—-1 at z =o0.

The system of conservation equations (2.1) and (2.2) is closed by the ideal-gas equation
of state,

(2.3)

N
P 0 Y;
S=RTY £, 2.4
p i=1 i ( )

where R® denotes the universal gas constant and W; the molecular weight of species i,
i=1,...,N.

3. Models for Thermochemistry and Molecular Transport

Although in numerical simulations it is straightforward (and therefore often done,
see e.g. [6,12,15]) to employ detailed models for thermochemistry and molecular trans-
port, the results presented in this chapter have been obtained using the simpler models
recommended by Smooke in chapter 1 of this book. Specifically, the diffusion fluxes
have been approximated by Fick’s law,

day; Ale dY;

PY:V; pD: dz Le; dz’
where to derive the second equality we have defined the Lewis number of species : as
Le; = A/(pe,D;). The Lewis numbers are taken as constants with numerical values of
0.97, 1.10, 0.83, 1.39, 0.30, 0.18, 0.70, 0.73, 1.10 1.12, 1.11, 1.00, 1.28, 1.27, and 1.30
for CH4, Oz, H20, COz, Hz, H, O, OH, HOz, HzOz, CO, CH3, CHzO, CHO, and CH30,
respectively. In the Workshop announcement no numerical value was given for Ley,. It
was found that the computed flame structures are nearly insensitive with respect to the
value of Ley, for which, finally, the value 1.0 was adopted.

(3.1)
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For the ratio A/¢, appearing in Eq. (3.1) the relationship

0.7
T

P

was adopted, with T' in Kelvin and A/¢, in units of kg/m.

The specific heat ¢,, which appears in Eq. (3.2) as well as in the energy equation
(2.1) has been calculated from the definition

N
¢ = Yic,. (3.3)
=1

The specific heats ¢,; appearing in Eq. (3.3) and the specific enthalpies h; appear-
ing in the energy equation (2.1) have been calculated from the NASA thermochemical
polynomials

5 5
Cpi = Z ak,;Tk"l and h,‘ = Qg0 + Z ak,;T'“/k . (34)
k=1

k=1

The coefficients a;; appearing in Eqs. (3.4) may be found in various sources, e.g. in
Appendix C of Gardiner [18].

4. Chemistry of Methane-Air Flames
Detailed Mechanism

In this chapter both a mechanism of elementary reactions and a mechanism consist-
ing of four global reaction steps are employed in the numerical simulations of freely prop-
agating, premixed laminar methane-air flames. The mechanism of elementary reactions
is given in Table 1. It is the so-called “skeletal” mechanism proposed for the Workshop
on “Reduced Kinetic Mechanisms and Asymptotic Approximations for Methane-Air
Flames” held at the University of California at San Diego, La Jolla, 14th and 15th
March 1989; it is reproduced here to make this chapter self-contained. The skeletal

No. Reaction A o E
1 H + O, —- OH + O 2.00E14 0.00 70.30
2 OH + O —- H 4+ O, 1.57E13 0.00 2.89
3 O + H, —- OH + H 1.80E10 1.00 36.93
4 OH + H - 0 + H, 8.00E09 1.00 28.29
5 OH + H, -+ H,O0O + H 1.17E09 1.30 15.17
6 HO + H — OH + H, 5.090E09 1.30 77.78
7 OH + OH - H,O0 + O 6.00E08 1.30 0.00
8 H,O + O — OH + OH 590E09 1.30 71.26
9 H+0,+ M —- HO,+ M 2.30E18 -0.80 0.00
10 HO, + H — OH + OH 1.50E14 0.00 4.20
11 HO, + H - H,+ O, 2.50E13 0.00 2.93
13 CO + OH -+ CO,+ H 1.51E07 1.30 -3.17
14 CO,+ H - CO + OH 1.57E09 1.30 93.74
15 CH,+ M - CH;+ H + M 6.30E14 0.00 435.19
16 CH+ H+ M —- CH,+ M 5.20E12 0.00 -5.48
17 CH,+ H — CH, + H, 2.20E04 3.00 36.61
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18 CH; + H, —- CH,+ H 9.57E02 3.00 36.61
19 CH, + OH — CH; + H,0 1.60E06 2.10 10.29
20 CH; + H,O — CHs + OH 3.02E05 2.10 72.90
21 CH; + O — CH,0 + H 6.80E13 0.00 0.00
22 CH,O0 + H — CHO + H, 2.50E13 0.00 16.70
23 CH,0 + OH — CHO + H,O 3.00E13 0.00 5.00
24 CHO + H - CO + H, 4.00E13 0.00 0.00
25 CHO + M - CO+H4+ M 1.60E14 0.00 61.51
26 CH; + O, — CH;O0 + O 7.00E12 0.00 107.34
27 CH;0 + H — CH,0 + H, 2.00E13 0.00 0.00
28 CH;O + M —- CH,O0 + H + M 240E13 0.00 120.56
29 HO, + HO, - H,0, + O, 2.00E12 0.00 0.00
30 HO,+ M —- OH + OH + M 1.30E17 0.00 190.39
31 OH + OH + M- H,0,+ M 9.86E14 0.00 -21.22
32 H,0,+ OH — H,O0 + HO, 1.00E13 0.00  7.53
33 H,O + HO, — H,0, + OH 2.86E13 0.00 137.21
34 H+OH+ M - HO + M 2.20E22 -2.00 0.00
3 H 4+ H+ M - H+ M 1.80E18 -1.00  0.00

Table I: Skeletal mechanism of elementary reactions for laminar C,-
air flames. The rate constants are written as k = AT® exp(—E/R°T),
with the individual quantites expressed in cm, mol, s, kJ and K units.

The third-body efficiencies are 6.50 for CHy, 0.40 for O,, 1.50 for CO,,
6.50 for H,O, 0.75 for CO, 0.40 for N;, and 1.00 for all other species.

The rate data given for steps 15 and 16 are for the high-pressure value
ko. The rate constants k for these steps are given by the Lindemann
form k = k., /[1 4+ (cR°T/p)], where ¢ = 0.517 exp(—9000/T'), with p
in bar and T in Kelvin. '

mechanism consists of 35 elementary steps amongst the 15 reacting species CHy, O,,
COg, HzO, CO, Hz, H, OH, O, HOz, CHa, CHO, CHzo, CH30, HzOz, and nitrogen,
which is taken as inert. For this mechanism, the rates of production of the chemical
species involved may be written as

= W — ) AT e~ TT (52) (4.)

i=1 j

¢ =1,...,N, where it is understood that forward and backward chemical reactions are
treated separately. Besides quantities already defined above, in Eq. (4.1) M denotes
the number of elementary reactions contained in the mechanism, and v/, and ¢/, are
the stoichiometric coefficients of species ¢ in reaction &, k = 1, ..., M, representing there
reactant and product, respectively; (AT*), and E, are the pre-exponential factor in the
specific reaction-rate constant and the activation energy of reaction k, respectively.

Systematically Reduced Mechanism

The systematically reduced mechanism employed in the numerical simulations is the
4-step scheme derived by Peters [1], consisting of the global reactions
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CH,+2H 4+ H,0 = CO + 4H,, (D
CO + H,0 = CO, + H,, (I1)

2H +M = H,+ M, (II0)

0, + 3H, = 2H + 2H,0. (Iv)

Apart from Ny, which is taken as inert, this mechanism comprises the seven reacting
species CH,, O,, CO,, H,O, CO, H, and H. The mass rates of production of these

species may be written as

WeH, = _WCH4wI,
wo, = —Wo,wrv,
Wco, = Wcogwu,
wro0 = —Wio(wr +wir — 2wy ), (4.2)
Weo = Wco(wl - wu), )
wy, = Wa,(dw; +wir + wipr — 3wrv),
wy = ~Wg(2wr + 2wrpr — 2wpv),
WN, = 0.
Here wy, wyy, wyyr and wyy denote the global-reaction rates, which are given by
ko [H,0]
= ki,{[CHJ)[H](1+ ,
wr = ky[CH,JH]( ok 0 )
ks [H] [H,][CO:]
= H. I w? Dl |
wir = 7, 1) \[COMH0l - ——,
k17 + kls[H2O]/(KI[H2D 2
Wi = k., [CH,[H 4.3
I k24[H] + kzs[M] 24[ 4][ ] ( )
' ksq [H]*[H,O][M]
k NPV 4 AL il M ikt | el |
+ Q[H][Ozl\[ ]+ I{I [Hz] )
_ (H]?[H0]
wry = ky[H]([02] - W) ;
where the equilibrium constants K;, K;; and K;;; are defined as
K;=ks/ks,
Kir = kskia/(kskis) , (4.4)

I{III = klkak:/(k2k4k§) .
Note that in the skeletal and, therefore, in the reduced mechanism the step

is not included, wheres in Peters }1] it is. Also note that, following [1], in the reduced
mechanism we have set the rate of elementary step 10 to zero.

At this point it is instructive to examine the functional form of the global rates wy
to wyy. It is seen that in w; there appears the term

ks [CH,[H][H,0]

;AR (4.5)
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which may cause numerical difficulties if during the course of the numerical solution of
the governing equations, for instance in a particular iteration step, [H,] attains values
sufficiently close to zero to make this term (numerically) singular. The same argument

holds for the term
s [H][COJH:0)]

4.6
KI [H2] ( )
appearing in the expression for wy;, the term
kss [H]*[H,O][M]
—_— 4.7
KI [HZ] ( )
appearing in the expression for wy;, and the term
k, [HP[H,OP
4.8
K  [HP (48)

appearing in the expression for w;y. Note that, as [H,] tends to zero, from a mathemat-
ical point of view the terms in Eqs. (4.5) to (4.8) should be of the type [0/0] and tend
towards a well defined finite value. Clearly, in portions of a chemically reacting flow
where zero molecular-hydrogen concentrations prevail, for instance in a stream o% pure
methane, the present formulation of the above reduced mechanism with [H,] appearing
in the denominator of various terms is of no use and, therefore, alternative formulations
must be sought. In the computations done up to date only such geometries have been
considered which, eventually after applying a similarity transformation, have allowed a
formulation of the governing equation with only a single space-like coordinate. As a con-
sequence, as boundary conditions for H, zero mass-flux fractions rather than zero mass
fractions could be imposed, thereby avoiding zero H, concentrations within the domain
of integration. However, the introduction of the mass-flux fraction is a “trick” which, by
definition of this quantity, works for one-dimensional problems only, and hence cannot
be used in truly two-dimensional laminar reactive-flow simulations based on the above
reduced kinetic mechanism. This problem, and other numerical issues, will be discussed
further below.

5. Numerical-Solution Method

Equations (2.1) and (2.2) with the conditions of Eqs. (2.3) were solved numerically
by the method of Rogg, see e.g. [19-21]. Specifically, Newton’s method is applied to the
system of nonlinear equations,

F(U) =0, (5.1)

which results from the discretization of the governing equations on a non-uniform grid.
Thus, the linear system

J(U*) (U — U*) = -, F(U*), k=0,1,... , (5.2)

is solved where U* denotes the solution after ¥ Newton iterations, and wy and J(U*) are
the damping parameter [22] and the Jacobian matrix, respectively, based on U*. The
Jacobian is generated numerically, and is re-evaluated only periodically [23]. A static
adaptive-gridding procedure [24] 1s implemented to bound the local discretization error.

6. Results for Flame Structure and Discussion

Shown in Figs. 1 to 9 is the structure of an atmospheric-pressure, stoichiometric
methane-air flame with an initial temperature of 300 Kelvin. In these figures, filled
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Figure 1: Computed CH, mass fraction profiles for an atmospheric-pressure,
stoichiometic methane-air flame with an initial temperature of 300 K. Filled
circles: sceletal mechanism; void squares: reduced mechanism.
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Figure 2: As Fig. 1 but O, mass fraction profiles.
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Figure 3: As Fig. 1 but H,0 mass fraction profiles.
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Figure 4: As Fig. 1 but CO, mass fraction profiles.
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Figure 5: As Fig. 1 but CO mass fraction profiles.
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Figure 6: As Fig. 1 but H, mass fraction profiles.
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Figure 7: As Fig. 1 but H mass fraction profiles.
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Figure 8: As Fig. 1 but N, mass fraction profiles.
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Figure 9: As Fig. 1 but temperature profiles.

circles identify results obtained with the skeletal mechanism, void squares denote results
obtained with the systematically reduced mechanism. With both mechanisms for the
burning velocity the (too) high value of 57 cm/s is predicted. Shown in Figs. 1 to
4 are the profiles through the flame of the reactants, methane and molecular oxygen,
and of the two major products, carbon dioxide and water. For these chemical species,
as well as for the temperature shown in Fig. 9, the agreement between the résults
obtained using the two different kinetic mechanisms is seen to be good to excellent.
Figures 5 to 7 show some discrepancies between the predicted concentrations of CO,
H, and H, particularly in the temperature range between roughly 1500 and 2000 K.
However, discrepancies of this kind and order of magnitude are consequences of the
approximations underlying the reduced mechanism, and were observed and discussed
earlier [1,12]. Note that the cause for the prediction of the high burning velocity cannot
be attributed to these discrepancies, because practically identical burning velocities are
obtained from both mechanisms.

7. First-Order Sensitivity Analysis

To predict the effect of the variation of rate constants ky, ks, - -+, k3, which conve-
niently are written in vector form

C = (ky, by, kag)T, (7.1)
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on the vector of dependent variables U, the vector of first-order sensitivity coefficients
0U/0k,, a=1,...,M, must be calculated. The appropriate equation for the latter quan-
tities is obtained by differentiating Eq. (5.1) with respect to C, viz.,

d oF 0U OF
( (U;C)) = oan T = (7.2)
a=1--- M. Equation (7.2) can be rewritten as
ou oF
J(U)_07¢: = oh (7.3)

Thus the first-order sensitivity coefficients U /0%, can readily be calculated from Eq.
(7.3) by solving a linear system of equations. In the remainder of this section we derive
the sensitivities of various quantities with respect to the rate constants.

Mass-Fraction and Temperature Sensitivities

The sensitivities of the mass fractions, 0Y;/0k,, and the temperature, 8T /0k,, are
obtained by solving Eq. (7.3) without further manipulations. The relative sensitivities

k, 0Y;
x = —?—01‘: ) (74)

a=1,..,M, and L oT
;E 'Ta—a-ic— (75)

are obtained straightforwardly from the “raw” sensitivities by normalisation.

Mixture-Molecular-Weight Sensitivities

The mixture molecular weight W is given by

NY) i w;, (7.6)

W=(¥
where to derive the second equality in Eq. (7.6) we have used the relationship

j=1 2

W.
Y; = —.:...—'-X, ) 77
ul (17)
Differentiation yields the raw sensitivity coefficient
ow e W 0Y;
=Wy =L, 7.8
Ok, ; W; Ok, (7:8)

which upon normalisation can be written as

Wk OW X k. OY
S = o _“ZX"('ﬁaka

(7.9)
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Density Sensitivities

The density p is related to the pressure p and the species mass fractions ¥; through the

ideal-gas equation of state, Eq. (2.4). Differentiation of the latter equation with respect
to k, gives, after rearrangement,

Op N W oY 10T
= __ — —— .10
o, = *(wan) *ron ) (7.10)
where we have used Eq. (7.9). The relative sensitivity is given by
o ko Op i k, 0Y; k, 0T
Sp = —;aka = —[J;(XJ?Ja_ka) + ‘T‘a_ka . (711)

Mole-Fraction Sensitivities

The species conservation equations given in section 2 are formulated in terms of the
mass fractions of the chemical species. Upon using Eq. (7.7), the sensitivity of ¥; with
respect to k, can be written as

oY, OX;W, X,W,0W

R W ok (712)
which by virtue of Eq. (7.8), and after rearrangement, yields
X, W oy YW oy,
ok, ~ Wk, N LW, ok (119

By virtue of Eq. (7.7), from Eq. (7.13) the normalized sensitivity coefficient of species
¢ with respect to parameter k, is obtained as

ko 0X:  ka OY, & (K, 0,
X " v oh ~ a5 (Tar)

ji=1

(7.14)

Velocity Sensitivities

For steady, unstrained, premixed laminar flames in low-Mach-number flows conservation
of overall mass implies

m = pv = constant. (7.15)
Differentiation of Eq. (7.15) gives

om _ v %
ok,  Por, "ok,

which by virtue of Eq. (7.10) can be written as

Ov _ %{é(—w aY;) 1 6T] 10m (7.16)

%, W, ok T Tor T ook
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Thus, the relative velocity sensitivity is given by

e kO X kY Kk, OT  k,Om
Si= o = 5T om) YT P mok,

(7.17)

Note that the relative sensitivity of the burning velocity with respect to rate constant
ko
’ ky Ov,
v, Ok, ’
is simply the value of S* at the left boundary of the computational domain, i.e., the
value of S* as ¢ — —oo0.

(7.18)

8. Results of First-Order Sensitivity Analysis and Discussion

Shown in Fig. 10 are the relative sensitivities of the burning velocity v, with respect
to the rate constants for the flame discussed in section 6. The full bars represent the

P
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Reaction #*
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N — — —
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R | v | I v L] v T ¥ v | M

-0.3 -0.2 -0.1 0.0 0.t 02 03 04 05 0.6

dinvy/dInk sceletal mechanism
B reduced mechanism

Figure 10: Computed relative first-order sensitivity coeflicients of the burn-
ing velocity with respect to the rate constants for an atmospheric-pressure,
stoichiometic methane-air flame with an initial temperature of 300 K. Only
sensitivities greater than one percent are shown. Full bars: sceletal mecha-
nism; hatched bars: reduced mechanism.
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sensitivities based on the reduced mechanism, the hatched bars those based on the
skeletal mechanism. Note that a sensitivity of z percent with respect to a particular
rate constant k, indicates that, as a response to a 100 percent change of k,, v, is
estimated to change by z percent. Only burning-velocity sensitivities greater than 1
percent are included in the graph.

Figure 10 shows two interesting features. The first is that the sensitivities with re-
spect to those elementary steps which are contained in both the detailed and the reduced
mechanism are quite similar not only with respect to the sign but also with respect to
the magnitude. In particular the sensitivities with respect to the key branching step 1,

H+0,—-0OH+O0,
and its low-temperature competitor, step 9,
H+O;,+M - HO,+ M,
agree well, as do the sensitivities with respect to the watergas-shift reaction, step 13,
CO+OH —-CO,+ H.

Note that for the reduced mechanism Fig. 10 shows zero sensitivities with respect to
steps 2, 3, 4, 5, 6 and 14, because in this mechanism the rates of these steps are lumped
into the equilibrium constants K;, K;; and Kj;;. Herein sensitivities with respect to
the equilibrium constants are not considered; this will be done, however, in future in
studies.

The second interesting, although not too surprising, feature to be observed from
Figure 10 is that steps are neglected in the reduced mechanism which have a non-
negligible influence on the burning velocity. For instance, neglected steps are step 7,

OH + OH — H,0+ 0,

and its reverse, step 8,

H,0+0— OH + OH,
and steps 21, 22 and 23,

CH;+0 - CH,0+ H,
CH,0+H — CH, + 0,
CH,O + OH — CHO + H,0.

Thus, the good agreement in the predicted burning velocities using the detailed and the
reduced mechanism is fortuitous in that the burning-velocity sensitivities with respect
to steps 7 and 8 approximately cancel, as do those with respect to steps 21 to 23.

Shown in Figs. 11 to 40 are the profiles of the relative mass-fraction sensitivities
of those species which are contained in both the skeletal and the reduced mechanism,
and of the temperature and velocity. Figures 11 to 20 show the sensitivity profiles
with respect to step 1, H + O, — OH + O, Figs. 21 to 30 those with respect to
its competitor 9, H + O, + M — HO, + M, and Figs. 31 to 40 those with respect
to the watergas-shift reaction 13, CO + OH — CO, + H. Prior to examining Figs.
11 to 40 in detail it is worthwhile to recall that in general, as a consequence of the
normalization, the absolute value of a relative sensitivity with respect to a particular
quantity becomes large (typically greater than unity) when the quantity itself attains a
small value (typically close to zero).
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Figure 11: Computed profile of relative first-order sensitivity of the CH,
mass fraction with respect to elementary step 1 for an atmospheric-pressure,
stoichiometic methane-air flame with an initial temperature of 300 K. Filled
circles: sceletal mechanism; void squares: reduced mechanism.

Step 1 involves the chemical species H, O,, O and OH of which only H and O, appear
explicitly in the reduced mechanism. Thus, as it is to be expected on physical grounds,
Figs. 11 to 18 show that the mass fractions of H and O, (the sensitivities of Y, and
Yoy are not shown as these species do not appear in the reduced mechanism) are most
sensitive with respect to changes in the rate constant of this step, k,, whereas the mass
fractions of the other species depend only indirectly on k; through their interaction
with H, O,, O and OH in other reaction steps. It is seen from Figs. 12 and 17 that
although both O, and H are consumed in step 1, an increase of k; leads to a local
decrease of Yy, but to a local increase of Yy. This increase of Yy occurs because step 1
is branching, which implies that an increased %, entails increased concentrations of all
the radicals contained in the hydrogen-oxygen radical pool. The change in sign of S
at approximately y = 0.23 mm, which for tie reduced mechanism is seen in Fig. 17, 1s
the consequence of an undershoot of the H-atom concentration to small negative values
close to the cold boundary.

Since step 1 is a branching step with a high activation energy, an increase of its rate
leads to a temperature increase in the high-temperature portion of the flame (Fig. 19)
and, hence, to an increase of the velocity (Fig. 20).
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Shown in Figs. 21 to 30 are the sensitivity profiles of mass fractions, temperature and
velocity with respect to step 9, H 4+ Oy + M — HO, 4+ M, which has a zero activation
energy and, therefore, dominates step 1 in the low temperature-portion of the flame.
Step 9 involves the chemical species H, O, and HO, of which only H and O, appear
explicitly in the reduced mechanism. Therefore, Figs. 21 to 28 show that the mass
fractions of H and O, are most sensitive with respect to changes in the rate constant of
this step, ks, whereas the mass fractions of the other species depend only indirectly on
ks through their interaction with H, O, and and HO, in other reaction steps. Similarly
to step 1, since O, is consumed in step 9, an increase of k, leads to a local decrease of
Yo,. However, since step 9 is terminating, an increase of k, leads to a local decrease of
the concentrations of all the radicals contained in the hydrogen-oxygen radical pool as
well as to a local decrease of the temperature (Fig. 29) and, hence, of the velocity (Fig.
30).

Shown in Figs. 31 to 40 are the sensitivity profiles of mass fractions, temperature
and velocity with respect to the watergas-shift reaction 13, CO + OH — CO, + H.
Discussion of these profiles uses arguments similar to those used to interpret Figs. 11
to 30 and, therefore, is omitted here.

We are now in the position to reflect upon the suitability of Newton’s method as
the numerical-solution procedure in conjunction with systematically reduced kinetic
mechanisms such as the one employed in the present study. Newton’s method is one
of several existing approaches to search for a vector U that makes a vector function F
to zero; see Eq. %5.1). U and F have the same number of components; for the flames
considered in this chapter, this number is K = (N — 1414 1) x J, where N is the
number of chemical species in the system and J the number of gridpoints used to cover
the computational domain. Thus, Newton’s method may be viewed as a procedure to
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Figure 21: Computed profile of relative first-order sensitivity of the CH,
mass fraction with respect to elementary step 9 for an atmospheric-pressure,
stoichiometic methane-air flame with an initial temperature of 300 K. Filled
circles: sceletal mechanism; void squares: reduced mechanism.

search in a K dimensional space for a vector U satisfying F(U) = 0, the search being
started with an initial guess U = U°. Furthermore, each iteration step k& of New-
ton’s method may be viewed as a move from U* to U1 in this K dimensional space.
The reduction of a detailed kinetic mechanism to a mechanism comprising only a few
global steps effectively eliminates (a number of ) species conservation equations, either
through steady-state assumptions for selected species and/or partial-equilibrium as-
sumptions for selected elementary reactions, and, therefore, diminishes the dimension
of the space in which a solution vector U is to be sought. As a consequence, with the
reduced mechanism, upon its iteration-step by iteration-step move towards the solution
vector, Newton’s method has fewer degrees of freedom, which manifests itself in con-
vergence difficulties of the method. In addition, a reduced mechanism offers Newton’s
method less freedom on its move through space towards a solution through the algebraic
constraints that result from steady-state and/or partial-equilibrium assumptions incor-
porated into the rate-expressions of the global rates. Finally, the appreciably enhanced
and/or reduced concentration, temperature and velocity sensitivities with respect to
the elementary rates which appear in the global-rate expressions of a systematically
reduced kinetic mechanism, at each iteration step “bounce U forth and back through
the solution space” rather then guiding it smoothly towards its final solution value as
it usually does when a detailed mechanism of elementary reactions is employed. At-
tempts to overcome the described difficulties by solving the time-dependent version of
the governing equations in order to bring U into the domain of convergence of Newton’s
method operating on the time-independent residuals are often not successful because of
division by zero which occur, for instance, when the concentration of molecular hydrogen
becomes numerically small; see section 4 of this chapter.
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It should be noted here that the arguments given in the previous paragraph are not
exclusively the result of the work described in this chapter, but they are also based on
the author’s several years of experience in solving laminar combustion problems with
Newton’s method and both detailed mechanisms of elementary reactions and systemat-
ically reduced kinetic mechanisms.

9. Summary, Conclusions and Recommendations

In this chapter we have calculated atmospheric pressure, stoichiometric premixed lami-
nar methane-air flames with an initial temperature of 300 Kelvin using both a detailed
mechanism of elementary reactions and a systematically reduced mechanism consisting
of only four global reactions. We have discussed numerical difficulties associated with
the functional form of the global reaction rates and have applied first-order sensitivity
analysis to identify and interpret characteristics of the reduced scheme which make it
difficult to obtain numerical solutions for flame structures using this particular reduced
reaction scheme. In particular, we have concluded that Newton’s method may not be the
ideal method to solve the governing equations on the basis of a systematically reduced
reaction mechanism.

Further research is needed in two areas. Firstly, means must be found to bring
systematically reduced mechanisms into a numerically convenient form: for instance,
division by zero, as discussed in section 4 of this chapter, must be avoided. Secondly,
numerical solution methods must be found which are not based on a “Newtonian-like
search” for a solution vector in some multidimensional space, but guide the solution
iteration-step- by iteration-step or, alternatively, time-step by time-step towards the
correct (time-independent) solution of a problem. With respect to the latter point,
possibly semi implicit-explicit numerical schemes may offer an alternative to Newton’s
method.
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CHAPTER 9

APPLICATION OF REDUCED CHEMICAL MECHANISMS
FOR PREDICTION OF
TURBULENT NONPREMIXED METHANE JET FLAMES

J.-Y. Chen and R.W. Dibble
Combustion Research Facility, Sandia National Laboratories
Livermore, CA

1. Introduction

Moment modeling is in widespread use for turbulent flows of aerodynamic interest
where momentum transfer and pressure drop are the major features of interest. These
moment models are less useful when they are extended to turbulent mixing flows. The
additional complication of Arrhenius type chemical kinetic rates has yet to be satis-
factorily incorporated into moment methods for turbulent reacting flows. Although
attempts, such as the eddy-breakup model or an assumed pdf approach, have been pro-
posed and studied extensively, the extension of moment methods to turbulent reacting
and mixing flows remains unresolved. As an alternative, the probability density func-
tion (pdf) approach, which emerged a decade ago (see, e.g., Pope [1], O'Brien [2]), offers
a promising method for treating chemical reactions in turbulent flows. Specifically, the
chemical reaction terms appear exact in the governing equation for the single point pdf
evolution; consequently, there is no modeling of the chemical source terms. However,
modeling of the scalar dissipation terms is a crucial issue in the pdf method, since these
terms represent the mixing process occurring at the molecular level. Closure of the
mixing process requires statistical information from fluids at different locations, i.e.,
two-point correlations, which is not available from the single-point pdf method.

Models for the scalar dissipation terms are often referred to as mizing models. Due
to the complex nature of the mixing process occurring in turbulent flows, development of
mixing models has been based largely on ad hoc assumptions, such as those in Curl’s [3]
coalescence/dispersion model and its derivatives (Janicka et al. [4]; Pope [5]). Statistical
information either from experiments or from direct numerical simulations of turbulent
flows is needed to provide guidance for further development of mixing models. In spite
of the primitive state of mixing models, there has been significant advancement in the
numerical techniques for the pdf method. In particular, solution of the pdf equation by
Monte Carlo simulation (Pope [6]) has made the method computationally feasible for
multi-species problems. A recent review of progress in the pdf method is given by Pope
[7]. Even with the development of Monte Carlo simulations, computer limitations are
encountered when a nontrivial chemical mechanism is included.

Pope [6] has shown that the convergence rate of the statistics deduced from the
Monte Carlo simulation is proportional to the square root of the number of represen-
tations used. Consequently, a large number of statistical representations (commonly
referred to as particles) are needed to achieve accurate solutions; we typically use 1000
particles per grid cell. In principle, the effects of combustion on the joint scalar pdf
can be calculated exactly by moving each Monte Carlo representative particle in the
scalar space according to its chemical kinetic rate equations. The computation would
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be a formidable task for combustion processes with multiple species whose chemical
rate equations are usually stiff. We estimate 1000 cpu hours on a Cray XMP-48 com-
puter would be required for such simulations of jet flames with five scalars; such cpu
requirements are not practical.

One strategy for reducing the enormous computational demand is a prior: calcula-
tion of the integrals of the reaction rates for all possible chemical states and then storing
the results in a ‘look-up’ table. The look-up table is finite when the domain of all pos-
sible chemical states is discretized. During the Monte Carlo simulations, the changes of
the scalar properties are obtained from interpolations based on the previously generated
look-up table, avoiding the need for repeated, and often redundant, time integration of
the chemical kinetic rate equations (Pope and Correa [8], Chen and Kollmann [9]).
This strategy is computationally very efficient. Typically, four hours of cpu time on a
Cray XMP-48 are used for simulation of a turbulent jet flame up to thirty diameters
downstream. Even with this improvement, computation time radically increases when
the size of the look-up table exceeds the direct-access memory of the computer. The
look-up table can be reduced in size by using a reduced chemical mechanism; one that
retains salient, desirable features of the complete chemical mechanism. Accordingly, the
search for such reduced mechanisms is an area of active research.

The recent development of reduced mechanisms for complex combustion processes

Peters and Kee [10], Peters and Williams [11], Bilger and Kee [12], Rogg and Williams
13]) is based on systematic reduction of complete chemical mechanisms rather than
curve fits to limited experimental observations. Consequently, these newly developed
reduced mechanisms contain many of the features of the entire chemical kinetic scheme.
More importantly, for purposes here, these features of the full mechanism are obtained
with a reduced number of scalars. For example, with the assumption of equal diffusivity
and constant pressure, a four-step reduced mechanism having only five scalars (four
reactive scalars and one conserved scalar) was reduced from a eighteen scalar, thirty-
four step, mechanism for methane combustion. From a computational point of view,
the number of steps in a mechanism is not nearly as important as the number of species
included in the mechanism; the number of equations that are to be solved is related to
the number of species rather than the number of chemical kinetic steps. Consequently,
significant reduction in the computing effort is possible with mechanisms that contain
a small number of species.

2. Four-Step Reduced Mechanisms

Development of both full and reduced mechanisms for combustion has been and is
an area of active investigation. From a full mechanism, one can systematically develop
reduced mechanisms by making steady state or partial equilibrium assumptions (e.g.,
Peters and Kee [10], Chen [14]). In this section, we will summarize two four-step reduced
mechanisms proposed by Peters and Seshadri and by Bilger at the Workshop on Reduced
Kinetic Mechanism and Asymptotic Approximations for Methane-Air Flames held on
March 13-15, 1989, at UCSD, La Jolla, California. These reduced mechanisms are
distilled from a larger mechanism (called skeletal by other authors) that has eighteen
scalars and thirty-four reaction steps. The larger mechanism for methane-air combustion
is summarized in Table 1.

Four-step Reduced Mechanism By Seshadri and Peters:

The four-step reduced mechanism of Seshadri and Peters can be derived using a
computer program, developed by Chen [14], that eliminates user specified elementary
reactions. Eliminating elementary steps 2f, 2b, 3f, 3b, 7, 13, 14, 17, 20, 23f, and 23b in
Table 1, the resulting four-step mechanism is

CH, + 2H + H,0 = cO + 4H2, (Rl)
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CO + H2O = 002 + H2, (RZ)
°H + M = H, + M, (R3)
O: + 3H, = 2H + 2H,0. (R4)

The global reaction rates are expressed as
WR1 = W10 + W11 + w12
WR2 = Wy
WR3 = W5 — W10 + W1 — Wig + Wig — Waz + Wa4 + was

WRe = W1 + Ws + W1g + Waa.

Assuming that steps 3f and 3b are equilibrated leads to
ks [H>O)[H]

OH) =
o8] ksp  [H2]
Other intermediate species are obtained by assuming them to be in steady state. The
results are
VB2 +4AC—-B
[0] =
24
A. = k13b

B =bd + kiz(c - a)
C = ad + k15¢[0s)]
where
a = kyyHO3] + kulOH)[H] + ks [OH][OH]
b= klb[OH] + sz[Hz] + k4b[H2O]
¢ = (krog + ki g[H] + k124[OH])[C H,]
d = kiop[H] + k115[Ha] + k126[H2 0] + k15[05)

(k1o + kr1g[H] 4 ki1of[OH))CHy)

[CHa] = kioo[H] 4 k118[Hz2] + k125[H20] + k13[0] + k15[02]
__ki1s[CH3][0,]
[CH0] = kig[H] + koo [M]
_ k13[0] + (k1o[H] + k20 [M])[CH;0]
(OH20] = = THT + s [OF
[HCO] = k13[C H3)[O] 4 (k1g[H] + k20 [M])[CH; 0]

kis[H] + k17[M]
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VB2 +4AC - B
(HOy = Y
A = (2 — Z)k21

B = (1 — 2)kasy[H20] + (ke + k7)[H] + ks[OH]
C = kans[OH][OH|[M]z + ks[H][0:][M°]

_ k23f[0H]

kg [M] + ks [OH]

z

ko1 [HO2|[H O3] + k22| OH][OH)[M] + ka3s[H2 O)[HOs]

[H20] = kaa ¢ [M] + kass[OH)|

Four-step Reduced Mechanism By Bilger:

Steps 2f, 2b, 3f, 3b, 6, 12, 15, 17, 19, and 21 in Table 1 are used to eliminate
intermediate species and the following reduced mechanism can be obtained:

CHy + 2H + H;0 = CO + 4H,, (R'1)
CO + H,O = CO3; + Ha, (R’2)
2H2 + 02 + M= 2H0 + M, (R’3)
Os + 3H, = 2H + 2H,0. (R'4)

The global reaction rates are expressed as

wWg1 = wig + Wis
W13
WRr2 = Wy
WRs = Wy — Wip + Wis — Wap — Waz + Wayg + Wos
R ws + Wigh
WRy = W1 — W7 — Wg + wip — wie + Wis + Wa2p — W23 — W24 — W25

Wy = Wi0h-

Assuming that step 5 is equilibrated leads to

k3p [H20][H]

[OH] = oz T AR
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TABLE 1

CHEMICAL KINETIC MECHANISM

No. Reaction Ay ng Eyx
1f H+0; -0+ OH 2.0x1014 0.0 16800.0
1b O+OH—->0;+H 1.575x1013 0.0 690.0
2f O+H;»>OH+H 1.8x1010 1.0 8826.0
2b OH+H—-> O+H, 8.0x10° 1.0 6760.0
3f H; + OH - H,0 + H 1.17x109 1.3 3626.0
3b H,0 + H— Hy + OH 5.09x10° 13 18588.0
4a OH + OH - H,0 + O 6.0x108 13 0.0
4b H,0 + O - OH + OH 5.9x109 1.3 17029.0

5 H+ 03 + M3 5 HO, + M3 2.3x1018 -0.8 0.0
6 H + HO, - OH + OH 1.5x1014 0.0 1004.0
7 H+ HO; > Hy + O 2.5x1013 0.0 700.0
8 OH + HO; - Hy 4+ 0, 2.0x1013 0.0 1000.0
9f CO+0OH->CO;+H 1.51x107 1.3 -758.0
9b CO; + H— CO + OH 1.57x109 1.3 22337.0

10f CH4 (+M)P - CH3 + H (+M)b 6.3x1014 0.0 104000.0

10b CHj 4+ H (+M)P - CH, (+M)b 5.20x1012 0.0 -1310.0

11f CHy + H—>CH3+Hy 2.2x104 3.0 8750.0

11b CH3;+ Hy,—->CHy +H 9.57x102 3.0 8750.0

12f CH4 + OH — CH3 + H,0 1.6x106 2.1 2460.0

12b CH; + H,0 —» CH4 + OH 3.02x105 2.1 17422.0

| 13 CH3+0 -5 CH,0+H 6.8x1013 0.0 | 0.0

14 CH,0 + H— HCO + H; 2.5x1013 0.0 3991.0
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TABLE 1 — Continued

CHEMICAL KINETIC MECHANISM

No. Reaction Ay ng E,
15 CH,0 + OH — HCO + H;0 3.0x1013 0.0 1195.0
16 HCO + H— CO+ H, 4.0x1013 0.0 0.0
17 HCO+M—-> CO+H+ M 1.6x1014 0.0 14700.0
18 CH; + O - CH30 + O 7.0x1012 0.0 25652.0
19 CH30 + H - CH;0 + Hy 2.0x1013 0.0 0.0
20 CH;0+M 5> CH,0+H+M 2.4x1013 0.0 28812.0
21 HO; + HO; — Hy0,2 + O, 2.0x1012 0.0 0.0

22f Hy0, + M— OH+ OH+ M 1.3x1017 0.0 45500.0

22b OH+ OH+ M — H0, + M 9.86x1014 - 0.0 -5070.0

23f H,0; + OH — H,0 + HO; 1.0x1013 0.0 1800.0

23b H0 +HO; = H,0, + OH 2.86x1013 0.0 32790.0
24 OH + H + M2 - H,0 + M3 2.2x10%2 2.0 0.0
25 H+H+ M2 Hy+ M2 1.8x1018 -1.0 0.0

Rate constants:
Ey
ki = AT exp (-ﬁ)

Superscripts:

a

Units are moles, cubic centimeters, seconds, degrees Kelvin, and calories/mole.

Third body efficiencies are:
CH4: 6.5, H20; 6.5, CO2: 1.5, H2:1.0, CO: 0.75, 02: 0.4, N2: 04, all other species: 1.0.

High pressure value koo. The pressure dependence is given by the Lindemann form & =

where oR = 0.517 exp (-9000/T), with p in atm and T in degrees Kelvin.

koo
=)
(” P
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Other intermediate species are obtained by assuming them to be in steady state. The
results are

vVB? +4AC—-B

[0] = 74

A=k3

ki3 (kn s [H][CHy) — ki [H][Os] — kaf[OH][OH])
szllb[H2]+ ! klb[OH]J:I-k4b[H20] !

o= kip[Ha|(k14[H][Os] 4 kas[OH][OH]) + k15[O02) k11 s [H][C Hy)

k1 [OH] + kg [H2 0]
ki s{CH4)[H]
[CH;) = knb[}}z] s 0]
k1s[C H3][0,]
{CH:;O] = klg[H] n k‘20[M]
(CH,0) = F137ICHs](O] + Frg (O Hs][0)]

krag[H] + k155 [OH]

k13[{C H3)[O] + k13[C H3)[O,]
ki6[H| + k17| M)

vB? +4AC - B
24

[HCO] =

[HO,] =

A = 2k21
B = k35 [H20] 4 (ke + k7)[H] + ks[OH]
C = ks[H][0:][M]

k2 [HO3)[HO5] + kogy [OH|[OH)[M] + ka3p[Ho O)[HO) .

[H20:] = kag s [M] + ko3 f[OH)

Performance of the mechanisms:

Performance of these two reduced mechanisms was evaluated by comparing our
calculated results for opposed laminar jet flames (Tsuji type) with those obtained
with the complete ‘skeletal’ mechanism. Figure 1 shows a comparison of peak flame
temperatures at various strain rates. In general, the Bilger mechanism gives higher
(about 50 K) peak temperatures compared to Peters and Seshadri’s mechanism, which
matches well with the skeletal mechanism. The predicted extinction limits are a ~ 460/s
for all three mechanisms, where a is the magnitude of velocity gradient in the vicinity
of a stagnation point. Comparison of temperature and species profiles are presented
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in Figures 2 to 4 for flames at a = 300/s. In Figure 2, the predicted temperature
profiles agree reasonably well among the three mechanisms although some noticeable
differences are observed, especially in rich mixtures. Likewise, the predicted major
species in Figure 3 also show good agreement among the three mechanisms. Some of
the important intermediate species are shown in Figure 4. For Hj, the mechanism
by Peters and Seshadri predicts values about 50% higher than those from the skeletal
mechanism in rich mixtures; while the mechanism by Bilger matches quite well with
those from the skeletal mechanism. Both reduced mechanisms fail to predict CHj
correctly. Noticeable differences are found in the predicted H atom profiles among the
three mechanisms. Overall, the mechanism by Bilger gives more satisfactory results
than that by Peters and Seshadri.

The large skeletal mechanism has eighteen scalars. A Monte Carlo simulation with
eighteen scalars far exceeds our present computational capability. With the four-step
reduced mechanisms, the total number of scalars is decreased to ten, including seven
reactive chemical species, temperature, density, and pressure. Further reduction of the
number of scalars by three, to seven, is possible if the concept of mixture fraction is
utilized. With the assumption of equal diffusivity for species and enthalpy, the mixing
process of a two-stream turbulent jet flame can be described by a conserved scalar,
such as the mixture fraction f. The mixture fraction is the normalized mass fraction of
an atomic element originating from one of the input streams, usually the fuel stream.
We chose the mixture fraction to be unity in the fuel stream and zero in the outer
coflowing stream. As a consequence of the equal diffusivity assumption, the mixture
enthalpy and the atomic element populations are linear functions of the mixture fraction.
Accordingly, given a mixture fraction, four relations can be derived; three for the atomic
element concentrations and one for the mixture enthalpy. If we further assume constant-
pressure combustion and the ideal gas law, two additional relations result. With these
six relations, we need a total of five scalars ( four reactive species and the mixture
fraction) to determine thermodynamic properties of nonpremixed methane-air flames.

Interpolation Table:

In constructing an interpolation table for thermodynamic properties, we first define
the allowable range of the five scalars. The limits of these ranges are obtained from
the following constraints: (1) atomic species are conserved; (2) species must have non-
negative concentrations; and (3) for mass balance, the radical species concentrations are
neglected compared to those of major species. These extreme limits are summarized
below and their detailed derivations can be found in Chen et al. [15].

(1) Limits for f:

fma:c =1, fmz'n = 0. (2.1)

(2) Limits for ncg, at a given f:

mazr __ f
nowm, = Wom. (2.2)
n?}}}: = maz{ f 21— f) , 0}, (2.3)

Wen, (Wn, +9Wo,)

where the symbol maxz{a, b} denotes selection of the larger of a and b.
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Fig. 1. Predicted peak temperatures for Tsuji type opposed laminar methane-air jet
flames at various strain rates. Solid line: skeletal mechanism; dashdot line: Bilger’s

mechanism; dashed line: Peters and Seshadri’s mechanism. Extinction limit of a ~

~

460/s was predicted by all three mechanisms.
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Fig. 2. Predicted temperatures versus mixture fraction for Tsuji type opposed laminar
methane-air jet flame at a strain rate a = 300/s. Dashdot line: skeletal mechanism;
solid line: Bilger’s mechanism; dashed line: Peters and Seshadri’s mechanism.
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Fig. 3. Predicted major species versus mixture fraction for Tsuji type opposed laminar
methane-air jet flame at a strain rate @ = 3008/s. Dashdot line: skeletal mechanism;
solid line: Bilger’s mechanism; dashed line: Peters and Seshadri’s mechanism.
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Fig. 4. Predicted intermediate species versus mixture fraction for Tsuji type opposed
laminar methane-air jet flame at a strain rate a = 300/s. Dashdot kine: skeletal mech-
anism; solid line: Bilger’s mechanism; dashed line: Peters and Seshadri’s mechanism.
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(3) Limits for nco at a given (f,ncH,):

mer = ~noH, = 2.4
60" = Wom. ~ "OHs Q (24)
29(1 —
nBe = maz{2Q — v —J) ,0}. (2.5)

(WN2 + 'l/)WO'z)

(4) Limits for n at a given (f,ncH,,nco):

mar _ (1+1/))(1——f) 2f _ l

" - (WNz + ¥ Wo,) + Wch, ncHs + 2"00 (2.6)

min _ (1-1) 3f _ (1= f) _ }_
n™" = W T 9ol + Wor, 2ncH, +maav{——-——-(WN2 T oWo) 20 + snco 0}.
(2.7)

(5) Limits for ng at a given (f,ncn,,nco,n):
mazr __ 4 _ _ _’(/)Lil__i_ _ _-];

ng = g{n NCH, W, + 9Wo,) Q 2ncvo} 29

B ;maw{nc,H4 -—n+ &;—Tfﬁ')*%%+7ﬂ—nco , 0},
nip" =0, (2.9)

Compositions outside these allowable limits cannot occur. In a given flow, not
all of the allowed composition may be accessible. The accessible domain contains all
possible compositions that could occur in a particular flow (Pope [7]). Figures 5 to 8
illustrate both the allowable and the accessible domains of major species versus mixture
fraction for a nonpremixed turbulent jet flame stabilized by a coflowing pilot flame of
stoichiometric mixture. The accessible domain can be obtained by equations (2.1) to
(2.9) except that equation (2.3) is now replaced by

min

f 3=
MeH T maw{WCH«; Z(WN2 + 'l/)WOz)

, 0}. (2.10)

Also shown in the figures are the compositions obtained from calculations of Tsuji- type
opposed flow laminar flames at a high stretch rate, a = 450/s (recall that ¢ = 460 is
extinction) and at a low stretch rate, a = 5. These laminar flame calculations provide
a test of the applicability of the two reduced mechanisms only for a small fraction
of the whole accessible domain. In order to further evaluate the performance of the
reduced mechanisms, flows other than the opposed flow flame configuration are needed.
One possibility is the well-stirred reactor flow in which the time scales of mixing and
reaction are comparable, and thus a wider range of compositions might be tested.
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Fig. 5. Allowable and accessible domains for methane versus mixture fraction in
methane-air jet flows with a pilot flame of burned stoichiometric mixture. Symbols

are results from calculations for Tsuji type laminar opposed jet flames at a = 450/s A
and at a = 5/5 ().
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Fig. 6. Allowable and accessible domains for water versus mixture fraction in methane-
air jet flows with a pilot flame of burned stoichiometric mixture. Symbols are results
from calculations for Tsuji type laminar opposed jet flames at a = 450/s A and at

a=5/s 0.
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Fig. 8. Allowable and accessible domains for CO, versus mixture fraction in methane-
air jet flows with a pilot flame of burned stoichiometric mixture. Symbols are results
from calculations for Tsuji type laminar opposed jet flames at @ = 450/s A and at

a=5/sQ.
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The effects of chemical reaction on the joint pdf are simulated by moving the
representative particles through the allowable domain according to their chemical kinetic
rate equations. In the allowable region, the reaction path and the speed along a path
are all functions of the properties of the mixture. They do not depend on the velocity
of the flow in which the reaction is taking place. Therefore, a ‘look-up’ table containing
changes of reactive species for a given period of time can be constructed prior to the
Monte Carlo simulations.

A look-up table for the entire allowable domain can be generated but it is wasteful
as the compositions outside the accessible domain are not needed. Therefore, for better
accuracy, look-up tables have been generated only for compositions in the accessible
domain. The five dimensional domain for the reduced mechanisms is discretized in
a five-scalar array (f,ncm,,nco,n,ny) with dimensions of (25,10,9,9,9). The grid
point distributions in the array are uniform except in the f array which has dense grids
clustered around the stoichiometric point. At each grid point in the domain, the look-up
tables contain changes of four reactive scalars due to combustion for two time intervals,
10us and 100us (eight entries) and in addition, the density; hence a total of nine entries.
The table consists of about 1.5 million words ( = (25*10*%9*9*9)*9 ). During Monte
Carlo simulations, the scalar changes of each representative particle due to combustion
are obtained from the look-up tables by an efficient multi-linear interpolation scheme.
This interpolation is nontrivial and is described in detail by Chen et al. [15].

3. Turbulence Model and Scalar Pdf Model

The statistics of the mixing process and the chemical reactions occurring in the

flow field are described in terms of the single point pdf P(v1,..,%n; z,t) of the thermo-
chemical variables (scalars) ¢1,..,¢,. Here (;) is a composition variable and (¢;) is
the corresponding sample-space variable. The statistical properties of the fluctuating
velocity field are simulated by means of a second-order closure model most recently
described by Dibble et al. [16]. This second-order closure turbulence model provides a
turbulent time scale and diffusivity for the pdf equation, and the pdf equation in turn
allows calculation of the mean density that is required for the velocity closure.

The scalar variables ¢, .., ¢, are governed by transport equations of the general
form
thqSi = BQ(PP,'BQ(]S,') + pSi(qSla"’an)’ t= 1,.n (31)

where I'; denotes the molecular diffusivity, D; denotes the substantial derivative, S;
denotes the chemical source term for scalar ¢;, and repeated Greek subscripts imply

summation. The single poiﬁt pdf ﬁ(l,bl, .y ¥Yn; &, t) satisfies the following conservation
equation

N
ﬁBtP +,55080P+,528¢,.{S',-(1,b1,..,1,bN)P} =

=1

. (3.2)
—8a<ﬁ< Vo | $i =i > P)~ﬁzzafp,-¢,- << &ij | bk = x> P),
=1 j=1

where v, = vq — Vo and €ij = I V¢; e Voj, with I'; = I'j = I". The use of density-

weighted variables (e.g., P, Vo) has formal advantages for flows with large density fluc-
tuations (Bilger [17]). Since density p is a local function of the thermo-chemical scalars,

the unweighted pdf P can be recovered from the density weighted pdf P
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p )13(¢1, ) (3.3)

PO ¥n) = Z—0S

The chemical kinetic sources S; act as convection velocities in the scalar space. They
appear in closed form in equation (3.2), and thus no closure model is required, even for
large chemical mechanisms.

The turbulent flux term Oa(< v | ¢i = 9¥; > ]3) and the scalar dissipation rate
Z?;l Zj\’:l 3,2/);¢j(< €ij | & = Y > P) are unknowns and they are modeled in terms

of ‘known’ variables. The closure expressions for the turbulent flux and the scalar
dissipation terms were previously developed (Janicka et al. [4%, Dopazo [18]), and applied
to turbulent nonpremixed jet flames (Chen and Kollmann {9]). The turbulent flux of
the pdf is modeled by

RIS

—p< V! | gi=1h;>P = Cip = vlv"9pP, (3.4)

in analogy with the gradient-flux model for statistical moments. The closure for the
scalar dissipation of the pdf was based on pair-wise interaction of fluid parcels (see, e.g.,
[4,18]) and resulted in

N N _
=22 %, (<5iji¢k=¢k>P>

=1 j=1

(3.5)
C ! "n P IND N Y] D
= Sl [ faw [ [aw BBunew, v v -F),
Dy Dy
where .
o, v" [¢) = [] O:wi v} |¥:)
t=1
and
Oh vl [w) = { T r U ShiS vl dlSusuls g
0 otherwise,

and Cp= 6.0. The scalar domain Dy is the set of all allowable values of {¢1,.. ¢} and
7 denotes the time scale for this process (i.e., the reciprocal of mixing frequency). The
present value for 7 is given by

(3.7)

ol &

The above closure model for the scalar dissipation, equation (3.5), is a simplified
picture of the mixing process (Curl [3]). It is known that the present model (a modified
coalescence/dispersion model as shown in equation (3.5)) satisfies the mathematical
requirements for the pdf but is incorrect in the short time himit and leads to unbounded
flatness and superskewness (standardized fourth and sixth moments, which are equal
to 3 and 15 for a Gaussian pdf) values for decaying turbulence as time goes to infinity
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(Pope [5], Kosaly [19], Kosaly and Givi [20]%. The latter shortcoming may be remedied if
another variable, such as the time interval between mixing events, is included in the pdf
and the probability of sampling P is replaced by the probability of mixing in the integral
term on the right hand side of equation (3.5). A recent study by Chen and Kollmann
[21] shows that modification of current mixing models by age-biased sampling has little
or no influence on the predicted scalar statistics up to fourth moment for turbulent
reacting and nonreacting jet flows. A more serious problem is the fact that the mixing
rate is determined from local properties of the turbulent flow field, and no information
on distribution of energy or scalar intensities over large scales is used. This can lead to
incorrect profiles for the scalar pdf in turbulent mixing layers, even though the mean of
the scalar is in agreement. This pdf prediction failure is likely a consequence of the role
of large scale structure not being reflected in the mixing model. An excellent example
of this mode of model failure is clearly illustrated by Figure 24 in Koochesfahani and
Dimotakis [22]. They showed that the model predicts the wrong peak positions in the
pdf profiles which are believed to be strongly influenced by the large scale structure.

In addition to the above-mentioned shortcomings of the coalescence/dispersion mix-
ing models, application of such models to reacting flows requires further consideration
of the effects of combustion on mixing. For instance, the mixing frequency and the
transition probability defined in equation (3.6) are independent of the reaction rates;
hence, possible influence of chemical reactions on mixing is not included.

Implementation of Monte Carlo Simulation:

As the joint scalar pdf P is a function of space and composition, the total num-

ber of independent variables required to describe P is three plus the total number of
composition scalars. Traditional finite difference techniques are not efficient in solving
equation (3.2) with a large dimension. A stochastic approach (i.e., the Monte Carlo
simulation) introduced by Pope [6] alleviates this enormous computational demand and
problem solution is feasible with several scalars.

Formal mathematical representations of each term in equation (3.2) by their corre-
sponding statistical Monte Carlo procedures can be found in the paper by Pope (1981).
Here, we present illustrations to describe the stochastic procedures in simulating effects
due to each term in equation (3.2). First, the effects of convection by mean velocity
and turbulent flux (first two terms on LHS and the first term on RHS) on the joint

pdf P are simulated by moving representative particles in the physical space, i.e., along
the grid points, as shown in Figure 9. For a round jet configuration, let us denote the
downstream and cross-stream directions by z and r respectively. If the pdf equation
were solved by a three-point explicit finite difference scheme, the pdf at the downstream
location z + dz can be expressed as sum of the pdfs at upstream location z as

P(sps, . tpn; @ + dz,r5) = AT + 1) B(sh1, . thn; 2,7 541)
+  AWD)P@r, - tnz,77) (3.8)
+ A(J - l)js(zﬁl’ ¢na x’TJ—l)

where A(J+1), A(J), and A%J—l) denote the amount of contributions from cells at J+1,
J and J—1. As the joint pdf is represented by a number of statistical events (particles),
the pdf at the downstream location can be represented by a sum of statistical events
from the three upstream cells weighted by their respective contributions. The particles
are selected randomly (by calling a random number generator) from each upstream cell
to form the new pdf at the downstream location.
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Second, the influences of chemical reactions and of molecular mixing on the joint pdf
are equivalent to moving the particles in the composition domain. As emphasized ear-
lier, the effects of chemical processes on the joint pdf can be simulated exactly according
to the kinetic rate equations and only the molecular mixing process requires modeling.
However, for combustion problems, these two processes are intimately related, and the
interactions between them must be properly simulated. Modeling of mixing and of
interactions between chemical reaction and mixing are currently important and chal-
lenging issues for the pdf method (Chen et al. [15]). To demonstrate the stochastic
procedures, the chemical reaction and mixing are treated separately, and hence, any
potential interactions between them, except through the mean density changes, are not
included. Simulation of the modified Curl’s mixing model [3] by Janicka et al. [4] is
performed by selecting randomly a pair of particles within a grid cell and mixing them
up to random degree. The number of pairs to be selected is calculated by the product of
the mizing frequency defined in equation (3.7) and the time spent during the march-
ing step, dz/U. The chemical reactions then move all the particles to new positions
in the composition space according to their rate equations. Figure 10 illustrates such
procedures for a selected pair of particles undergoing molecular mixing and chemical
reaction in the CH4-O, composition space. Modifications and improvements of these
Monte Carlo procedures to account for the interactions between chemical reactions and
molecular mixing are currently being undertaken.

4. Numerical Modeling of Turbulent Methane Jet Flames:

The recent laser Raman measurements in nonpremixed turbulent methane jet
flames by Dibble et al. [23] and by Masri et al. [24,25] provide the data base for
model evaluation. Figure 11 shows a schematic of the experimental test facility. The
burner has a central jet of methane, 7.2 mm in diameter, surrounded by a stoichiometric
premixed and fully burned annulus of C,Hj, Hj, and air with C/H ratio adjusted to
that of methane. The outer diameter of the annulus is 18 mm and the lips are thin.
During all the measurements, the coflowing air stream velocity and the pilot burnt gas
velocity are maintained at 15 and 24 m/s, respectively. The adiabatic temperature of

the pilot gas is 2600 K.

Four flames with increasing central jet velocities have been studied with time re-
solved laser Raman scattering. These new investigations provide the first detailed de-
scription of the nonequilibrium chemistry nature of these flames. We focus on two
flames, Flame L and Flame B, with central jet velocities of 41 m/s and 48 m/s respec-
tively. The nonequilibrium nature of the chemical kinetics is characterized by the ratio
of time scales between turbulent mixing and chemical reaction (a Damkohler number).
Increasing central jet velocity decreases the turbulent mixing time scale and leads to
smaller Damkohler numbers. Local flame extinction can occur when the chemical kinet-
ics are unable to keep up with the turbulent mixing processes. The experimental data
show that both in Flame L and in Flame B, local flame extinction is observed. However,
in Flame B the flame is almost totally extinguished at z/D = 20, where the peak of
the mean temperature is only 900K. The flame is re-ignited further downstream, where
the strain rate is decreased. It is interesting to note that, although the jet velocity in
Flame B is only 7 m/s higher than that in Flame L, the flame exhibits quite different
characteristics. Such a sharp change in the flame structure indicates a crossover point
of competition between chemical reactions and turbulent mixing. Prediction of this
crossover behavior is a severe test for turbulent combustion models.

Numerical modeling of Flame L and Flame B was carried out with 50 grid cells
distributed from the centerline to a satisfactorily large radius and with 1000 particles
per grid cell, a total of 50,000 particles for the Monte Carlo calculation. The numerical
solutions are obtained by a parabolic marching scheme with a block-diagonal solver and
a staggered grid system (Chen et al. [26]). In contrast to equilibrium chemical models,
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the current method requires an ignition source for the flame to burn. In the Monte
Carlo simulations, ignition is simulated by inserting particles with burned stoichiometric
mixture into the jet at a location just downstream of the jet pipe exit (x/D = 0.03) and
for the radial range given by the coflowing pilot flame of the experimental apparatus (
0.5 <r/D <1.25).

It should be noted that the ignition process in the numerical simulation uses the
same fuel as the main jet flame (a stoichiometric mixture of methane and air), whereas
the pilot flame in the experiment employs a mixture of Hs, CoHs and air, which has
the same atomic species as a stoichiometric methane flame, but has a much higher pre-
mixed flame speed needed for pilot flame stabilization. Consequently, the pilot flame
has an adiabatic flame temperature that is 400 degrees higher than that for stoichio-
metric methane-air mixture. The use of such a pilot, in fact, introduces a third stream;
the other two being nozzle fluid and coflowing air. As the model can only simulate
two-stream mixing problems, we assume that the pilot flame temperature is that for
stoichiometric methane-air mixture,

5. Results and Discussion

The solution of the pdf transport equation provides statistical information on the
thermo-chemical scalars at a given point. However, we will present only a selected set of
predicted statistical moments and joint pdf’s that are compared with the experimental
data. From these comparisons, we evalll)late model performance and we then suggest
areas for model improvements. Comparisons of predictions with experiments for the
mean and variance of mixture fraction, density, and temperature will be considered first,
and then the joint distribution among the scalars will be presented. The experimental
results of Masri et al. [24,25] are represented by symbols in all figures, the calculations
using the reduced mechanism of Peters and Seshadri by dashed lines, and the reduced
mechanisms of Bilger by solid lines.

Mean and Variances

Mizture Fraction

The mixture fraction is a measure of extent of mixing. The radial profiles for the
mean and variance of mixture fraction at x/D=20 for Flame B and Flame L presented
in Figure 12 show good agreement with the experiment data. Noticeable, but small,
differences in the predictions are observed between the two reduced mechanisms. The
only difference between these two predictions is the input ‘look-up’ table, which deter-
mines the scalar changes due to combustion and therefore the density. We concluded
that the chemical models are not different enough to cause significant differences in the
mean density which in turn influences the turbulent mixing,.

As is evident in Figure 12 from both the simulations and the experimental data, the
overall mixing characteristics are not significantly altered when the central jet velocity is
increased from 41 m/s to 48 m/s (from Flame L to Flame B). A closer comparison shows
that in Flame B the fuel mixes with air slightly faster than in Flame L as indicated by
the lower mean mixture fraction f at various axial locations. This trend is consistent
with the observation in nonreacting flows that turbulent transport in the radial direction
is increased with the strain rate.

Density

The profiles for the mean density p and its variance, presented in Figure 13, are
of great importance because fluid dynamics and chemical reactions are linked primarily
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through the density. Compared to the experimental data, the predicted mean density
profiles are much broader. The observed discrepancies are large and the reasons for
them are as follows.

In the fast chemistry limit, the density becomes solely a function of the mixture
fraction. For methane-air combustion, the stoichiometric value of the mixture fraction
is fs10.=0.055. Density changes rapidly from 1.2 kg/m? to 0.2 kg/m? as f increases from
0 to 0.055 creating a steep gradient in the p — f plane of about -18 kg/m3. Therefore,
in the lean side of the flame, a change of 1% in the mixture fraction causes a change of
0.18kg/m?® (15% of air density) in the density. However, in the rich part of the flame,
the corresponding density change is only about 0.01kg/m?® (1% of air density). Hence,
even for flows with equilibrium chemistry, an accurate prediction of the mixture fraction
is prerequisite for accurate density predictions in the lean part of the flame.

As shown above, the predicted mean mixture fraction profiles compare reasonably
well with experiments but noticeable differences (more than few percent) are observed.
The observed large discrepancies between the calculated and the measured mean density
profiles can be caused both by the inaccurate predictions of the mixture fraction and
by the nonequilibrium chemistry. To exclude the effects of inaccurate mixture fraction
predictions, the fluctuation of mixture fraction and the mean density are plotted versus

the mean mixture fraction as shown in Figure 14. As seen from the f" — f plot, the
turbulent fluctuation levels have been reasonably well predicted, especially for lean
mixtures. If the nonequilibrium chemistry is correctly predicted by the current model,

the predicted mean density profiles should agree with the experimental data in the p— f
plane. As evident from the plot, large discrepancies exist between the predicted mean
density and experimental data, implying that the nonequilibrium chemical kinetics are
not well captured by the current model. As will be shown in a later section, frequent local
flame extinction is observed in both Flame L and Flame B; whereas, the model predicts
a rare occurrence of local flame extinction. When the flame is locally extinguished, the
instantaneous density increases significantly. As a result, the mean densities are high
compared to model predictions for flames with high probability of local extinction.

Temperature

An important thermo-chemical property is temperature. In the experiments of
Masri et al. [24,25], temperatures were deduced from the sum of all measured species
concentrations with the assumption of the ideal gas law. The radial profiles of mean
temperatures at x/D=20 are presented in Figure 15. Comparisons of these plots show
that the peak temperatures are well predicted by the model for both Flame L and
Flame B. However, due to the less frequent local extinction predicted by the model, the
temperature profiles are much broader than those from experiments. Figure 16 presents
a comparison of predicted and measured mean temperature profiles at various axial
downstream locations for Flame B. The experimental data indicate that the peak mean
temperature decreases from x/D=10 to x/D=20 and then increases from x/D=30 to
x/D=>50. A physical picture of the dynamics of the flame can be described as follows.
At x/D=20, the flame experiences intense mixing and hence local extinction occurs fre-
quently, resulting in low mean temperatures. The extinguished reactants are re-ignited
by hot burned products at locations further downstream, where turbulent mixing is less
intense. As a result of this reignition process, the mean peak temperature increases.
The numerical model on the other hand predicts a continuously decreasing trend in
temperature indicating the extinction-reignition process is not captured, suggesting an
area for model improvement.
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Joint Pdf Comparisons

One of the major advantages of the pdf methad is the ability to generate an en-
semble of data points which can be directly compared to the ensemble of experimental
data points obtained by pulsed laser diagnostics. Comparison of predictions and experi-
mental measurements of joint statistics among the scalars, such as temperature and the
mixture fraction, provides not only a valuable assessment of the models but also gives
new insight leading to future improvements in the model and, as we shall see, in the
experiment as well. The pdf’s are presented in the form of scatter plots together with
flamelet results taken from the calculation of laminar opposed jet flames as shown in
Figures 17 to 19. The solid line corresponds to the strain rate a=450 s™', the dashdot
line to a=300 s~!, and the broken line to a=100 s™!. Inclusion of these results allows
us to explore the concepts of treating this turbulent flame as an ensemble of laminar
flamelets (Liew et al. [27], Peters [28%) The calculated pdfs are represented by 1,000
points per grid cell and the experiments provide approximately 1,250 laser shots at a
given spatial position. Comparisons of predictions and the data will be presented for
both Flame L and Flame B with different chemical models. A high density of scatter
points corresponds to a large probability of finding the system in this region; hence, the
pdf has large values in the region. Conversely, regions with low density of scatter points
are associated with low values of the pdf.

Joint pdf between T and f

Figure 17 presents the joint statistics between temperature and the mixture fraction
for both flames together with the corresponding experimental data. Compared to the
experiment, the model predicts pdfs with small variance and much less frequent low
temperature points. As the low temperature statistics are an indication of local flame
extinction, the strong bimodal nature in the measured pdfs suggest that the flame is
either burned or extinguished. Comparison shows that the model does not predict such
a clear bimodal nature but instead a distributed pattern is predicted. As the jet velocity
is increased, lower temperatures are observed in the experimental data. Consistent with
the experimental data, the model also predicts lower temperatures as the strain rate is
increased.

The experimental (T, f) scatter data allow us to evaluate the flamelet approach
for modeling the present methane turbulent flames. According to the laminar flamelet
concepts for turbulent nonpremixed combustion (Peters [28]), combustion takes place
in narrow zones, called strained laminar flames, and local flame extinction occurs when
the local mixing rate exceeds a critical value. The frequency of flame extinction depends
on the mixture fraction dissipation rate and its statistical distribution. An important
consequence of these concepts is that turbulent flames can be described entirely by local
variables irrespective of the past history of the flame. Some developments of such models
for nonpremixed turbulent flames with the pdf method have been reported by Haworth
et al. [29]. If such a model is employed here, then the burning flames would give a

scatter pattern lying in a region bounded by the solid line (a=450 s™!) and the highest
temperatures. One clear example of local extinction would be represented by the 300K
line for all values of the mixture fraction. As is evident in Figure 17, the experimental
data indicate a high probability of occurrence for the instantaneous temperatures to fall
between these two regimes.

Joint pdf between Oy and CHy mass fractions

The joint pdf of O, and CHy mass fraction shown in Figure 18 allows us to ex-
amine the coexistence of fuel and oxidizer. For nonpremixed flames, infinitely fast and
irreversible single step reaction does not allow coexistence of fuel and oxidizer. Conse-
quently, the only allowable states are either on the Yo, axis or on the Yeog, axis. The



220

2500.0 2600.0
CHd4-air Flame L: CH4-air Flame B:
: WD=20, (/D=1.23,1.68 x/D=20, /D=123,1.47,1.65
2000.04 % (Bilger 4-step) 2000.0 4 (Bilger 4-step)
2  16500.0 & 160001
> >
T @
v ¥
= 1000.04f = 1000.0-1
600.0 5000
0.0 T T T T 0.0 T —T T T
0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 04 0.6 0.8 10
Mixture Fraction, f Mixture Fraction, f
2600.0 2600.0
CH4-air Flame L: CHd-air Flame B:
. x/D=20, /D=1.26,1.60 x/D=20, /D=1.25 1.44,1.68
20000 ;. (P &S 4d-step) 2000.0 (P & S 4-step)
E 1600.0 E
2 >
Q Q
2 . ¥
= 100004 =
600.0 -
0.0 T T T T 0.0 T T T T
0.0 0.2 c.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 1.0
Mixture Fraction, f Mixture Fraction, f
2600.0 2500.0 —
CHd-air Flame L: CH4-air Flame B8:
- x/D20 (/Da1.23,1.66 WD~20 1/D=1.23,1.45,1.66
2000.04: (Experimental Data) 2000.0 (Experimental Data)
2  1500.0 2 150004
> 2
‘© Q
< g :
=  1000.0 1 = 1000.0
600.0 500.0
o~o L} T T L] L] oo T [ . T T
0.0 0.2 0.4 06 08 10 02 0.4 06 0.8 1.0
Mixture Fraction, f

Mixture Fraction. f

Fig. 17. Joint pdf scatter plots for temperature versus mixture fraction. Lines denote
results from calculations for opposed laminar jet diffusion flames; solid lines with a=450
s~!, dashdot lines with a=300 s, and dashed lines with a=100 s™.



221

10 10
CHd4-air Flame L: CH4-air Flame B:
/0=20, (fDx=1.23,1.68 X/D=20, (/D=1.23,1.47,1.65
0.8 : (Bilger 4-step) (Bilger 4-step}
s i S
2 =
3] 9 }
£ o0ed: £ os
a a
] g H
= 04 2 o04di
h s <
5 R -
> , ™,
J . -
0.2 . 0.2 .
~ . .
-4 N \ “,
0.0 Y T ) ¥ T 0.0 T T T U
000 004 008 042 016 020 024 000 004 008 042 0.6 020 0.24
Y, (Mass Fraction) Yo, (Mass Fraction)
10 : 1.0
\\ CH4.air Flame L: - CH4-air Flame B:
. /D=20, /D=1.26,1.60 £\ x/D=20, (/D=1.25 1.44,1.68
. 08 RN (P &S 4-step) .. o8 ., (P &S 4slep)
c (= N
2 2 .,
3l il N
a ]
£ 0.8 e 0.6 .,
[ » H -,
g 2 :
2 ol . 2 oefi
« s
3 5 \
> 02 > 02 _
.\N’ .
0.0 T T U S U S 0.0 T =T T -
000 004 008 012 046 020 024 000 004 008 012 016 020 024
Y2 (Mass Fraction) Y, (Mass Fraction)
101 10
CHd-air Flame L: . CH4-air Flame B;
B X/D=20 1/Da1.23,1.66 : “\,\~ WD=20 fD=1.23,1.45,1.66
—_ 0.8 ", (Experimental Data) —- {Experimenta! Data)
c ™., 5
o =
° 3]
o o
uw w
[4 a
© L
s 2
-~ s
5 5
> >
0.0 > g e : VR 0.0 . .
000 004 008 042 016 020 029 0.00 004 008 012
Yo, (Mass Fraction) Yo, (Mass Fraction)

Fig. 18. Joint pdf scatter plots for Yoy, versus Yo,. Lines denote results from
calculations for opposed laminar jet diffusion flames; solid lines with a=450 s~!, dashdot
lines with a=300 s™!, and dashed lines with a=100 s™!. Dotted lines denote pure mixing
limit,.



222

opposite limit of pure mixing without reaction is indicated by the dotted line in the
graphs. In addition, the flamelet states corresponding to three strain rates are included
for evaluation of the flamelet approach. Compared to the predictions, experiments indi-
cate again a larger scatter. Consistent with the experimental data, the scatter pattern
shifts toward the pure mixing line as the jet velocity increases. It is interesting to note
that for both Flame L and Flame B, both models predict rare occurrence of the coex-
istence of CHy and O, in the region bounded by the a=100 s™! dashed line and the
Ycn, axis, while the experiments show a more frequent occurrence.

Joint pdf between CO mass fraction and f

Distribution of CO versus f in the joint pdf domain can provide valuable informa-
tion for assessing the performance of the chemical models. Figure 19 presents the joint
pdf between the CO mass fraction and f showing the consistent trend of decreasing
variance with increasing strain rate in the predicted scatter plots. Comparison of the
two chemical models reveals that Bilger’s mechanism is more sensitive to the jet velocity
than Peters and Seshadri’s mechanism. It is worth noting that the predicted scatter
of CO mass fractions are confined within the flamelet limits. In contrast to the pre-
dictions, the experimental data exhibit a significant probability of CO concentrations
much larger than those allowed in the low strain rate flamelets. This result points to CO
measurements as a crucial factor in separating one model from another. It is suspected
that experimental errors are responsible for the high CO points, and experiments are
in progress with the object of improving CO measurements (Starner et al. [30])

We conclude this section of comparison between predictions and experimental data
by presenting predicted joint pdf’s of CO with CH4 and with T from a three-dimensional
view as shown in Figure 20. The complex structure of these joint pdf’s certainly does
not support the traditional approach of assuming a certain shape for the joint pdf’s,
such as the joint normal distribution.

6. Summary and Conclusions

Two reduced mechanisms for methane-air combustion, one proposed by Bilger and
the other proposed by Peters and Seshadri, have been investigated by incorporating
each one into a pdf model that is solved by Monte Carlo simulation. The performance
of either reduced mechanism is found to be reasonably good for predicting Tsuji-type
laminar opposed flow flames. For combustion in turbulent flows, the accessible domain
is shown to contain a wider range of scalar compositions than explored those found
in the laminar opposed jet flames. Further evaluation of the performance of reduced
mechanisms for those compositions outside the opposed jet flame regime is needed.

Monte Carlo simulations of turbulent nonpremixed methane-air jet flames have
been performed with look-up tables generated by using the two reduced mechanisms.
Flow conditions corresponding to high and low strain rates (Flame B and Flame L)
were selected to study the ability of the model to predict the significant nonequilibrium
chemistry effects in these flames. Extensive comparison of predictions and experimental
data reveals that the model is capable of predicting the global trend of further departure
from chemical equilibrium when the jet velocity is increased. However, the calculated
CO concentrations are too low compared to the data and no distinct bimodal pdfs are
predicted. Furthermore, the predictions give a decreasing mean peak temperatures in
the axial direction while the experimental data indicate a decrease-increase trend. These
deficiencies are likely due to the limitation of current mixing models.
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Fig. 20. Predicted joint pdfs for Yoo versus Yoms and for Yoo versus T in a three-
dimensional view showing complex patterns of the joint pdfs.
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CHAPTER 10

CONVENTIONAL ASYMPTOTICS AND COMPUTATIONAL
SINGULAR PERTURBATION FOR SIMPLIFIED KINETICS
MODELLING

S. H. Lam and D. A. Goussis
Department of Mechanical and Aerospace Engineering
Princeton University, Princeton, NJ 08544

1. Introduction

Generally speaking, the chemical kinetics of any reaction system can potentially be
very complex. Even though the investigator may only be interested in a few species,
the reaction model almost always involves a much larger number of species. Some of
the species involved are often referred to as radicals with a special meaning: they are
usually reactants of low concentrations which are believed to be important intermediaries
in the whole reaction scheme. A large number of elementary reactions can occur among
the species; some of these reactions are fast and some are slow. The aim of simplified
kinetics modelling is to derive the simplest reaction system which nevertheless retains the
essential features of the full reaction system. The conventional technique [1] is to system-
atically apply the so-called steady-state approximation to the appropriate radicals, the
partial-equilibrium approximation to the fast reactions, and to ignore the very slow (and
therefore unimportant) reactions. The investigator is responsible for identifying what are
the appropriate radicals, which are the fast elementary reactions, and which are the very
slow ones by making intelligent order of magnitude estimates using information gathered
from detailed examination of available data. A skilled and knowledgeable chemical ki-
neticist is usually needed, and the results obtained are expected to be valid only in some
limited domain of initial and operating conditions in some limited interval of time. The
successful derivation of a simplified chemical kinetics model by conventional methodology
thus depends considerably on the experience, intuition and judgement of the investigator.

In the present paper, we present a summary, plus some new recent developments, of
the theory of Computational Singular Perturbation [2], (3], [4], [5] (CSP), a general method
for non-linear boundary layer type stiff equations particularly appropriate for chemical ki-
netics problems. A hypothetical reaction system is studied and the appropriate simplified
kinetics models are derived using both the conventional method and the CSP method,
showing clearly their comparative strengths and weaknesses. The goal of the paper is
to show that, given the relevant database of elementary reaction rates, the derivation
of time-resolved simplified kinetics models for large reaction systems can be routinely
accomplished using numerical data generated by CSP.

2. Preliminary Discussions

We are interested in a certain reaction system with initial conditions in a certain
temperature and pressure range. A comprehensive and up-to-date database containing
all possibly relevant elementary reactions and their rates is assumed available. The full
mechanism of this reaction system can readily be constructed from this database and con-
sists of R elementary reactions and N species. The species concentrations are represented
by the column vector y:

y =45 9N, (2.1)
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whe_re [,.,...] is a row vector and its transpose [.,.,...]T is a column vector. For the sake
of simplicity, we consider here only isothermal and homogeneous reaction systems. With
this qualification, the governing chemical kinetics equations for y is written formally as

follows: p
ay _

where the column vector g is the global reaction rate and consists of contributions from
each of the R elementary reactions:

R
g=1[g" g% .., d"" =) S.F, (2.3)

r=1

where S, and F" are the stoichiometric (column) vector and the reaction rate of the r'®
elementary reactions, respectively. For complex reaction systems [6], Eq.(2.2) is usually
stiff, and the values of N and R may be quite large and in general not equal.

The basic idea of CSP is to project the R terms in Eq.(2.3) into N linearly inde-
pendent modes, and group the N modes into a fast group and a slow group. For most
chemical kinetics problems, the fast modes are usually of the boundary layer type, and
their amplitudes decay rapidly with time. The appropriate simplified kinetics model is
then straightforwardly obtained when the contribution of the fast group becomes “suffi-
ciently small” and is neglected. The process of projecting and grouping of the terms is
accomplished by the use of a special set of basis vectors.

3. CSP in Summary

Since g is a N-dimensional vector, it can always be expressed in terms of any set of N
linearly independent basis vectors, (a1, a3,...,an). For the moment, let us assume that
a trial set of N linearly independent basis (column) vectors (ay(t), a(t), - .., an(t)) has
somehow been chosen. The corresponding set of (row) vectors (b'(t), b%(t),...,b¥(t))
satisfying the orthonormal relations:

biea; = &}, i,k=1,2,...,N, (3.1)

where &; is the N by N identity matrix, can readily be computed. Eq.(2.3) can be
alternatively expressed in terms of these basis vectors:

g= S af, (3.2)

i=1

where fi is the “amplitude” of g in the “direction” of a;. We interpret each of the additive
terms in Eq.{3.2) as representing a reaction mode or simply a mode. Therefore, a; and
f* are the effective stoichiometric vector and the effective reaction rate of the i*® mode,
respectively. Taking the dot product of b* with g, we obtain, using Egs.(2.3), (3.1) and
(3.2):

f* = b*eg (3.3a)
R
= b*eY S, F"
R
= Y BFF, k=1,2,...,N, (3.3b)

r=1
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where B is:

B*=bFeS,, k=12,...,N, r=12,...,R (3.4)

It is seen from Eq.(3.3b) that f* is some linear combination of the F™’s. Summariz-
ing: once a full set of basis vectors (either the a;’s or the b*’s) is somehow chosen, the

“other” set of basis vectors and the f*’s can readily be computed from Egs.(3.1) and (3.3),
respectively. Eq.(3.2) is exact and is an alternative representation of Eq.(2.3).

It is important to note here that each basis vector a; may contain an arbitrary time-
dependent scale factor. Without loss of generality, we shall assume that all the a; vectors
have been appropriately scaled such that their orders of magnitude are relatively constant
with time. Consequently, the order of magnitude of the contribution of the *® mode in
Eq.(3.2) is primarily dependent on the order of magnitude of f'. How does the choice of
the basis vectors influence the time evolution of the f*’s? To find out, we differentiate
Eq.(3.3a) with respect to time to obtain, with the help of Eqs.(3.2) and (2.2):

B SSaf =12, N 3.5
'E=I:Z_:1Akf: 7'_17 yrrradYy ()
where
Ak—=— @k+g.ak=@k_bl.ﬂ7 ‘L,k=1,2,...,N, (3.6)
$,= Dbielea, i,k=1,2,...,N, (3.7
and J is the Jacobian of g with respect to y:
i ag* .
J=Jk=a—yk, ‘L,k=1,2,....N. ‘ (38)

Hence the time evolution of the f*’s is seen to be controlled solely by A} which, according
to Eq.(3.6), is completely determined by a;(t), b*(t) (and their time derivatives) in addition
to J. It is useful to note that J; and ®} are similar matrices, but A} and ®} are not (unless

the a;’s and b'’s are constant vectors). Note that if A} is diagonal, the modes would be
completely uncoupled from each other.

If the given problem were linear, J would be a constant matrix, and the obvious choice
for basis vectors would be the (constant) right and left eigen-vectors of J defined by:

Bed = Mi)B, i=1,2,...,N, (3.92)
Joa,- = a,-)\(i), 1= 1,2,...,N. (39b)

The resulting A} would be the diagonal matrix (or the Jordan form) of the eigen-values,
A(3)’s. Consequently, the amplitude of each of the uncoupled modes, f*, would evolve
with its own characteristic time scale. If A(:) is essentially real and negative, the *®
mode is said to be of the boundary layer type, and f* would decay exponentially toward
zero and become eventually exhausted for some ¢ > [1/A()|. An obvious algorithm
for the linear case is: whenever the amplitude of the currently fastest mode falls below
some user-specified threshold, the term representing that mode could be dropped from
Eq.(3.2), yielding a less stiff equation to be integrated for larger time. In other words,
terms representing exhausted boundary layers can be “neglected” to yield a simplified
and less stiff equation for the next boundary layers.
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In essence, CSP simply extends the above described algorithm to non-linear problems.
Unlike the linear case, it is now not obvious how to choose the basis vectors. However,
even though J is no longer a constant matrix, its left and right eigen-vectors, 8* and
o, are nevertheless always defined, and can be computed at any time from Egs.(3.9).
Let us denote the reciprocal of the absolute value of A(s) by 7(3), call the (z)’s the
current time scales of the reaction modes, and order them in ascending magnitudes:
7(1) £ 7(2) < ... < 7(N). These eigen-vectors and eigen-values of J can either be used
directly (provided that J is non-defective) or serve as a guide for choosing a set of #rial
basis vectors. Note that the main impact of non-linearity is that even if eigen-vectors of J
were used directly as the trial set, the resulting A} still would not be diagonal. The non-
zero off-diagonal elements cause mizing of the modes, and as a consequence the fast modes
may not decay and become small as in the linear case. In the present paper, we shall focus
our efforts to derive a “refinement” algorithm which can generate from any reasonable
trial set of basis vectors an improved set which has less mode mixing than before. As
shall be demonstrated later in §5, these CSP generated basis vectors and other data can
be used in chemical kinetics problems to deduce physically meaningful information such
as the global stoichiometry and reaction rates of simplified kinetics models. -

We can manipulate Eqs.(3.1), (3.6) and (3.7) to yield:

dbi i s 1.k :
b eI =3 MR, i=1,2,..,N, (3.10a)
k=1
da, N k .
——d—t—-l-J.a.i:ZakAl" 1=1,2,...,N, (310b)
k=1

which may be considered the governing differential equations for the a;’s and b*’s for any
desired A}. Since no restriction has been placed on the initial conditions, it is clear that
the set of basis vectors corresponding to a given A} is not unique. One simple-minded
approach would be to choose A}, to be the diagonal (or the Jordan form) eigen-value matrix
of J, and compute for the corresponding uncoupled a;’s and b*’s using Egs.(3.10) with
some appropriately chosen initial conditions. It suffices to state here that this approach
is fundamentally flawed but a detailed discussion of its shortcomings is beyond the scope
of this paper.

Let 7* be a user-specified time resolution of interest. Thus reaction modes with 7(z) <
7* are considered fast, otherwise they are considered slow. We assume that, for the time
interval of interest and guided by the eigen-vectors of J in some vague sense, the first M
basis vectors of the chosen set of trial basis vectors span a M-dimensional fast subspace,
and that the rest of the N — M basis vectors span the remaining slow subspace. The
left and right eigen-vectors of J at ¢ = ¢, or any other reasonably intelligent f:hoice can
be used as the (constant) trial basis vectors for ¢ > #,. As mentioned previously, the
A}, computed from any trial set will in general have non-zero off-diagonal elements. We
shall presently derive an algorithm which can reduce the amount of mode mixing of any
reasonably chosen trial basis vectors.

We shall use indices m and n to refer to the fast subspace (m,n = 1,...,M), and I
and J to refer to the slow subspace (I,J = M +1,...,N). Indices ¢ and k shall continue
to refer to the whole N-dimensional space (3,k =1,2,..., N).

The right-hand side of Eq.(3.5) can be formally divided into a fast and a slow group.
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Writing out the fast and the slow equations separately, we have:

dfm M N

“— = Amf"+ S ATF, m=12,...,M, (3.11a)
di n=1 J=M+1

de M N

=Y AN+ Y AL, I=M+1,...,N. (3.11b)
di =1 J=M+1

The question is: how do the fast f™’s behave as time increases? Eq.(3.11a) can be
rewritten as follows:

dfm M -
T = S - ), m=12,.,M, (3.12)
where w™(M) is the M by M principal submatrix of Aj:
wit(M) = A, mn=12,..., M, (3.13)
and
N
™= - Y prMf, m=12,..., M, (3.14)
J=M+1
M
p’;(M) EZT,T(M)A’}, m=12,..., M,
n=1
J=M+1,...,N, (3.15)
and 7*(M) is the inverse of w™(M): ‘
M M
Y wR (Myra(M) = 3 i (M)wi(M) = 87, mn=12,...,M.
k=1 k=1

The impact of having non-zero off-diagonal elements of the matrix AJ* can be seen
from Eq.(3.12): when A(m) is essentially real and negative, f™ no longer decays expo- -
nentially to zero as the corresponding boundary layer is exited. Eq.(3.12) shows that f™
decays exponentially with the fast time scale 7(m) only initially. In a transient period
of order 7(M), f™ tends rapidly toward fm(M); thereafter, f™ simply tries to follow
the corresponding fo(M) which evolves with the slower time scale 7(M + 1) as time
increases. At this point, there is no theoretical assurance that f=(M) is in any sense
small or negligible. Thus, so long as A7(M) has non-zero elements, there is mixing of
the slow modes with the fast modes, and this mixing prevents the amplitude of the fast
modes from continuing their rapid decay to become “small” when ¢ > 7(M).

Eq.(3.12) suggests the use of a new f™ to replace f™:
m = fm_ m), m=1,2,..., M. (3.16)

We shall show presently that f™ is expected to be small in some asymptotic sense when
t > 7(M). Egs.(3.11) can be rewritten as follows:

df;" d m n n

dt = Ewn (M)(fo ‘fo,oo(M))i m = 172,---,M, (317a)
de N M

= = 2 WM+ ALR,  I=M+1,..,N, (3.17b)

J=M+1 m=1
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where
d dfm(M
n (M) = Y T,:(M)i'%l, n=12,..., M, (3.18)
m=1
M
QM) = AT— Y ALs™(M)A, IJ=M+1,...,N. (3.19)
mn=1

Note that Eqs.(3.12) and (3.17a) differ only in their forcing term, f3 (M) versus f;:oo;

hence f;*(M) is expected to tend to f (M) for ¢ > 7(M). Eq.(3.18) clearly shows that
(M) is smaller than f7(M) for ¢ >> T(M) by the factor £(M):

(M)

E(M) = m.

(3.20)

Thus f* is a “purer” fast mode than f™. In the asymptotic limit of vanishingly small
e(M), f* is now theoretically small for £ >> 7(M).

Inspection of Eq.(3.11b) or (3.17b) indicates that in general there is also mixing of the
fast modes with the slow modes so long as AL (M) has non-zero elements. For obvious
reasons, this mixing should be as weak as possible.

The above analysis suggests that the set of basis vectors a?(M) and bi(M) defined
below is an “improvement” over the original trial set, a; and b*:

N

b (M) = b™+ Y pp(Mb), m=1,2,...,M, (3.21a)
J=M+1
M

a5(M) = a;~- ) a.p}(M), J=M+1,...,N, (3.21b)
n=1
M

bi(M) = b’ - gi(M)b2(M), I=M+1,...,N, (3.21c)
n=1

N

an (M) = am+ ), ay(M)gn(M), m=12,...,M, (3.21d)

J=M+1

where p?(M) was previously given by (3.15), and gl (M) is given by:

. .
an(M) =Y Alra(M), m=12,...,M, I=M+1,...,N. (3.22)

n=1

Eq.(3.21a) is derived by a conventional singular perturbation analysis on Eq.(3.1'(a.), and
Eq.(3.21c) is derived by a similar analysis on Eq.(3.17b). Egs.(3.21b,d) are derived by
insisting that the new set of basis vectors satisfy the orthonormal relation (see Eq.(3.1)):

bi(M) e al(M) = &}, i,k=1,2,...,N.

Eqgs.(3.21) provide an algorithm to generate a new set of basis vectors from an old set.

We shall call the new set, bi(M) and ag(M), the refined basis vectors. Note that the
refinement algorithm can be recursively applied. The use of refined bJ*(M) and a%(M)
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improves (i.e. made smaller by O(e(M))) the order of magnitude of the residual ampli-

tudes of the fast modes. The use of refined bZ(M) and a2 (M) obtained with g, (M) given
by Eq.(3.22) purifies the slow modes.

In terms of these new refined basis vectors, a one-parameter family of alternative
representation of g (with M as the parameter) is obtained:

N
g = Y a(M)ft (3:232)
k=1
M N
= Y aLfr+ Y ay(M)f) (3.23b)
m=1 J=M+1
where ‘
fi = bi(M)eg, i=1,2,...,N. (3.23¢c)

Eq.(3.23b) is exact and is mathematically identical to Eqs.(2.3) or (3.2). It is expected
to be “better” because the use of refined basis vectors enables the fast f*’s to asymptote
to smaller values for ¢ 3> 7(M).

When the residual amplitudes of the f*’s become sufficiently small in comparison to
some user-specified threshold, their contributions to Eq.(3.23b) may be dropped to yield
the leading-order CSP-derived simplified model:

dy N 7
W_gn 3 ay(Mff,  t>r(M) (3.24)
dt J=M+1

The initial condition for the simplified model must satisfy:

fr=b}(M)eg =0, m=12,..., M. (3.25)

When computing for the numerical solution using the exact formulation, Eqgs.(3.23),
the mode amplitudes fi’s are most easily evaluated using Eq.(3.23c). However, as the
amplitudes of the fast modes decay and become small, the values of the small f™’s so
evaluated are likely to be very inaccurate because of possible round-off errors. Fortu-
nately, Eq.(3.17a% provides an alternative route to evaluate them when they are near
exhaustion. Applying conventional singular perturbation techniques to Eq.(3.17a), the
following analytical approximation is straightforwardly obtained:

M dfr
1% = F 0 + S T= ) L ocary, (3

which is valid for ¢ 3> 7(M). Theoretically, fosym, the particular solution of Eq.(3.17a),
is of order O(e(M)). The two-term representation given above is accurate to order
O(e(M)?). Thus, a more accurate CSP-derived simplified model than Eq.(3.24) is ob-
tained by using Eq.(3.26) in Eq.(3.23b):
dy & o rm o [ J
2 "R L Al t X a3(M)f], t>r(M). (3.27)
m=1 J=M+1

The accuracy of the approximate y so generated is O(¢(M)?). It can be shown that
Egs.(3.25) are approximate integrals of motion of Eq.(3.27). Computationally, the time
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derivatives needed in the two-term representation of fJ%,.., can be approximately eval-
uated (e.g. by the use of finite differences), and the value of £, . so computed can
be used to assess the accuracy of the CSP model. We have also experimented with the
inclusion of the homogeneous solution of Eq.(3.17a) in fI* and obtained significant

. . o,asym
improvement in accuracy.

The idea of refining the fast basis vectors was first pointed out in reference [2]. Ad-
ditional expositions on CSP can be found in references [3], [4] and [5]. An example is
worked out in this paper using both the conventional method and CSP in §4 and §5. The
derivation of the specific refinement algorithm presented above (Eqs.(3.21)) and other
details are beyond the scope of the present paper and will be reported later in a separate

paper.
4. The Conventional Method at Work

The following hypothetical chemical reaction system is used as a vehicle for our dis-
cussions: '

#1: ! = y? F' = Fl(y), (4.1a)
#2: y+y¥ =i +yt,  FP=FYy), (4.1b)
#3: Y +y=y+yt,  FP=FYy), (4.1c)

where the reaction rates satisfy the Law of Mass Action:

F' = kigy'y' — kuy?, (4.2a)
F'2 = szylyS - k25y3y4, (42b)
F? = kyy'y® - kay’y, (42¢)

and k,; and ks are the forward and backward reaction rates of the rt® reaction, respec-
tively. A hypothetical system is used here to more starkly highlight the role of experience
and intuition.

The governing equations of the above reaction system are:

d_;’; = —2F'_F? _F?, (4.3a)
¥_om e, (4.3b)
%/; = F? —F3%, (4.3c)
%ﬁ = F? +F®, (4.3d)
%f _ _F, (4.3¢)

A conventional analysis would proceed as follows [7], [8]:

(i) The collection of elementary reactions (Eqs.(4.1)) is examined and found to involve
only two atomic species. Let C; and C; represent the total amount of each atomic
species:

Ci=v'+2%°+4°, Co=v>+3" +2° . (44)
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Using Eqgs.(4.3) and (4.4), we can easily show that:

dC, dC,
—_— — = 0 - 4-5
P di (4.8)
Eqgs.(4.5) indicate that the reaction system respects the physical law of conservation
of atomic species.

(ii) The rate constants and the initial conditions are examined and species y'1 and y*
are declared radicals (based on experience and/or intuition). The assumptions that

1 4
% and % are small in some sense are then made. Applying the steady-state
approximation to y!, we have:

g (y)=—2F'-F'-F*=~0. (4.6)
(iii) Applying the steady-state approximation to y*, we have:
Fy)=F*+F*=~0. (4.7)
(iv) Substituting Eqgs.(4.6) and (4.7) into Egs.(4.3), we obtain:
1
%lyt_i ~ 0, (see Eq.(4.12a) below) (4.8a)
dy?
2~ _F? 4.8b
y , (4.8b)
dy®
= =~ 2F?, 4.8
y7 (4.8¢)
dy?
-~ 0, (see Eq.(4.12b) below) (4.8d)
dy® 2
N - 4.8
YV (1.8¢)
Egs.(4.8) represent the following approximate one-step chemical reaction system for
large t:
¥y +y° =20 reaction rate ~ F? (4.9)

where F? depends on y' and y* in addition to y* and y5. It is interesting to note
that the stoichiometric coefficients appearing in Eq.(4.9) are all rational numbers
or integers; this is characteristic of simplified kinetics models derived by the use of
steady-state approximations,

(v) Itis well known that Eqgs.(4.8a) and (4.8d) do not mean y* and y* are constants; they
merely indicate that the net time rate of change of y' and y* are small in comparison
to their forward and reverse contributions. To proceed further, Eqs.(4.6) and (4.7)
are solved algebraically for y' and y* in terms of the other species, y2, y® and
¥°. In general, this step is not routine, and frequently additional assumptions and
restrictions are needed FS] simply to overcome the algebraic difficulties here. For the
present problem, straightforward algebraic manipulations yield:

l kwy?
1 ~
y klf ) (4.103.)
kasy® + k y3) kuy?
4 f 3f 1b
R . 4.10b
y ( kapy® + kapy? klf ( )
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Using Eqs.(4.10) in Eq.(4.2b), we obtain F? as a function of 2, y* and ¥° only:

[k
kg
Fz =~ m(szk3by2y5 — k3szby3y3) . (411)

Eq.(4.11) can now be used with Eqs.(4.8b,c,e) to compute for y?, y® and y5; the
values of y! and y* are then computed from Eqs.g4.10). It is possible to algebraically
manipulate Eqgs.(4.4) and (4.10) to express all elements of the y vector in terms of

any single species such as y? (plus C; and C;) so that F? can be expressed as a
function of y2 only. Eq.(4.8b) then becomes a single equation for a single unknown.

The above results can be alternatively presented as follows. Taking the logarith-

1 4
mic time derivatives of Eqgs.(4.10) and then solving for % and égt_ with the help of
Eqgs.(4.8b,c,e), we have: '

dy! y! dy? y‘1 2 2
E‘ ~ Eﬁ_dt— ~ — g‘z‘ F = —ch y (4.12&)
dy4 4 ( sz — 2k3f Zkzb - k3b 1
-~ _— F?
di {y Fagy® + ko | g+ R | 2y2)
= —F. (4.12b)

Eqs.(4.12) can be used to replace Egs.(4.8a) and (4.8d). Hence, the one-step chemical
reaction system represented by Eqgs.(4.9) and (4.10) can be alternatively represented by:

ay'+yitayt+yt = 258, (4.13a)
reaction rate ~ F?, (4.13b)

showing more clearly that y! and y* are involved in the stoichiometry of this one-step
reaction. It is now easy to show that the above approximate results are “slightly” incon-
sistent with Eqs.(4.5). Differentiating Eq.(4.4) with respect to time and using Eqs.(4.12)
and (4.8b,c,e), we obtain:

dCl dCZ

dt dt
i.e. this approximate model does not exactly conserve the total amount of atomic species.
This “error” can be explained as follows: the steady-state approximation correctly gave
the leading approximation to the stoichiometric coefficients of the one-step reaction model
as (0, -1, 2, 0,-1), but provided only the small corrections (¢, and c;) for the two zeros. To
be fully consistent, the other three stoichiometric coefficients also need small corrections
(See Eq.(4.20) later). This minor inconsistency does not appear to be widely recognized.
Formally, the simplified model derived using the steady-state approximation (Eqgs.(4.9),
(4.10)) 1s valid only when ¢; and c; as defined above are asymptotically small.

~ ——Cle ?é 0, ~ —Cze ?é 0, (414)

We shall re-analyze the same problem by retaining the steady-state approximation
on y! but replacing the steady-state approximation on y* by the partial-equilibrium ap-
proximation on F*. We shall show that using the more careful procedure [1] normally
reserved for partial-equilibrium approximations, the inconsistency mentioned above can
be avoided.

The steps after (ii) are:
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(vi) The steady-state approximation on y' again yields Eq.(4.6). Applying the partial
equilibrium approximation to F, we have:

FY(y) = kusy'y' = by’ = 0. (4.15)

Thus Egs.(4.7) and (4.10) remain valid. Consequently, the starting points of this
and the previous analysis are identical.

(vii) We now rewrite Eqgs.(4.3) in the following form:

fldy—tl = g, (4.16a)
flgtf = _g! —F' —F?, (4.16b)
dy? | 1 1 2
Yoo ¢ 2R, (4.16¢)
5’374 — gt —2F, (4.16d)
%’f; = —F?, (4.16e)
{Estead of step (iv) which would have neglected g* and F?, we algebraically eliminate
em:
%%t_lﬁd_y: _%fgi; = _F? (4.17a)
%-'ftf +%’§ = 2, (4.17b)
%y?s = —F2 (4.17¢)

No approximation has so far been applied in arriving at Eqgs.(4.17). The above
three exact differential equations are to be supplemented by the two approximate
algebraic relations, Egs.(4.10) or Eqs.(4.6) and (4.7) or (4.15).

(viii) Eqs.(4.10) can be used to directly eliminate y* and y* from Eqs.(4.17). Alternatively,
we can differentiate Eqgs.(4.6) and (4.7) with respect to time and eliminate the time

derivatives of y* and y* from Egs.(4.17). Using the latter approach, we obtain, after
considerable algebra:

dy*

- r —c (1l —c3)F?, (4.18a)
dTy: x —(1—cs)F?, (4.18b)
53’73 ~ (2+a)(l - c)F?, (4.18¢)
f%f ~ (2c3— il — ¢3)) F?, (4.18d)
ddi: ~ —F? : (4.18¢)
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where
ez —2es + €5+ ci(er + e3 — e4) _ o¢*

(2+c)(es—es)+crer +ex ’ &= Oyt

Eqs.(4.18) represent the following approximate one-step chemical reaction system

C3

(4.19)

for large t:
a(l-caly'+(1-a)y’ + y°
=2+a)l—c)y® + (2c3—ci(l—ca))y?, (4.20a)
reaction rate & F? = kypy'y® — kay’y*. (4.20b)

Eq.(4.20a) is seen to be different from both Eq.(4.9) and Eq.(4.13a). It can be shown
that when ¢; and c3 are small in comparison to unity, ¢, ¢; and ¢3 are approximately
related by:

€1 —C

2 ?

c3 =

(5} < 1, Co < 1. (421)
Eq.(4.20a) becomes:

C; C
ayi+ (-5 + W eyt +y' = 2ok’ (422)

When both ¢; and c; are small, Egs.(4.9), (4.13a) and (4.22) are competitive approximate
reaction models for the same problem, but Eq.g4.22) is clearly the superior model because
it alone is consistent with the conservation of atomic species, Eqs.(4.5). When neither
¢, nor ¢, is small, Eq.(4.20a) is the only correct approximate one-step reaction model
fully consistent with Eqs.(4.5). In contrast to Eq.(4.9), the stoichiometric coefficients in
Eq.(4.20a) and (4.22) are mostly irrational numbers.

In the existing literature [1], a distinction is usually made between the steady-state
approximation and the partial-equilibrium approximation. According to the above pre-
sentation, partial-equilibrium approximation appears to be the more general procedure:
it includes the steady-state approximation as a special case when the approximation of
total neglect of the time derivatives of the identified radicals in Eqs.(4.17) can be justified.

5. The CSP Method at Work
We shall work out the same examples with CSP.

1. The eigen-vectors of J at ¢ = 0 can be used as trial basis vectors for ¢ > 0: a;(t) =
o4(t = 0) and b¥(t) = B*(¢t = 0). With this choice of constant trial basis vectors, we
have AL = ®i which is diagonal only at ¢ = 0. In general, the refined basis vectors
are not constant and will evolve with time.

2. The CSP computation commences with M = 0 at ¢ = 0, and any standard (non-
stiff) ODE solver can be used. M is incremented whenever the currently fastest
active mode in the slow group falls below some user-specified threshold: the mode
is promoted into the fast group and declared exhausted at the same time. The
integration of Eq.(3.24) or Eq.(3.27) now allows a larger integration time step to be
taken.
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3. If the refined b} is found to be approximately proportional to [1, 0, 0, 0, 0] when
t > 7(1), then ¥ is a radical which reaches steady-state first (because f] = bleg~
g'(y); see Eq.(4.6)). If f2 ~ (bgoslgFI(y) when t > T((Z), then elementary reaction

is very fast and reaches partial-equilibrium next (see Eq.(4.15)). I, instead,
f2 =~ (bl eS;)F'(y)+ (b2 eS3)F3(y) when t > 7(2), then elementary reactions #1
and #3 quickly reach partial-equilibrium with each other next. Whatever b} and
b2 turn out to be, some physically meaningful interpretations for f1 ~ 0 and f ~ 0
may be obtained.

4. When M = 2, the effective stoichiometric coefficients of the one-step (see below)
simplified kinetics model represented by Eq.(3.24) are given by the elements of a,
and the corresponding effective reaction rate is f2 =bZ e g.

5. It can easily be established computationally that the rank of the matrix J is 3,
indicating that there are two zero eigen-values. Thus reaction modes #4 and #5
have identically zero reaction rates, and thus represent some physically interesting
conservation laws. Because these modes are never active, the maximum value for
M for this problem is 2, at which point the reaction system has an one-step model.
It can easily be shown that C; and C, always satisfy Eqs.(4.5).

What if we were interested in the time interval 7(2) > t > 7(1)? The CSP data
generated in the time interval with M = 1 readily provides the corresponding two-step
reaction model. If in the same time interval, it is found numerically that the contribution
of f2 (for each component of g) is below some user-specified accuracy threshold in com-
parison to that of f2, then f2 is dormant (i.e. reaction mode #2 is not important) and
can be neglected to yield a one-step model.

If, at any time, the value of f7.. . of one of the M exhausted fast modes rises above
the user-specified threshold, that mode can simply be declared active again. If the value
of one of the slow eigen-values of J is positive, then that mode in question is potentially
explosive. Interesting information such as ignition delays and chain-branching mechanisms

can readily be derived from the CSP data of explosive modes.

In the language of CSP, the conventional method presented in §4 relied on the expe-
rience and intuition of the investigator in the sample problem area in certain ranges of
initial and operating conditions to choose the following set of trial basis vectors:

a;=[1,-1,1,-1, 07, b'=11,0,0,0,0], (5.1a)
a,=[0,-1,2,-2, 017, b’>=]0,1,1,0,1], (5.1b)
az=1[0, 1,-2, 0,17, b*=[0,0,0,0,1]. (5.1c)

The one-step model given by Eq.(4.9) can be obtained by CSP using the trial set without
refinement, while that given by Eqs.(4.20) can be obtained by using the refined set.

6. Discussion

The essential feature of the CSP method is that it is completely algorithmic and pro-
grammable. Unlike the conventional method which depends critically on the investigator’s
experience and intuition in identifying and applying the appropriate approximations and
on the success of the subsequent problem-specific algebraic manipulations (e.g. to solve
for the concentrations of the radicals from highly non-linear algebraic equations), CSP
recasts all chemical kinetics problems into a universal standard form. The specifics of the
problem are completely contained in the single N by N matrix J from which all further
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results are derived. The reaction system is decomposed into N reaction modes divided
into a fast and a slow group using basis vectors refined from an appropriately chosen trial
set. With the help of the refined basis vectors, the reaction modes can be classified at
any time as. being either ezhausted, active or dormant. Exhausted reaction modes are fast
reaction modes which were once dominant but are now sufliciently spent to be ignored,
active reaction modes are slow reaction modes which are mainly responsible for the cur-
rently observed activities, and dormant reaction modes are the remaining slow reaction
modes which are not contributing significantly. Conventional asymptotic methodology
is used to analyze the long time behavior of the f’s in the fast group, taking advan-
tage of the fact that the relevant equation is in a universal and particularly simple form
(Eq.(3.17a)) to obtain the leading approximations.

The left and right eigen-vectors of J at t = 0 are always available to be the initial trial
basis vectors for ¢ > 0. From the programming point of view, it is straighiforward to use
the freshly computed set of refined basis vectors at the end of every integration time-step
to be the new trial set of constant basis vectors for the next time step. Recent numerical
results have shown that updating of a; and b* with Egs.(3.21a,b,c,d) at every time step
improves the accuracy of Eqs.(3.24) or (3.27) by nearly another order of ¢(M).

The refined mode amplitude f: is given by:

R
fi=3 B, (M)F(y), i=12,...,N, (6.1)

r=1

where

Bi (M)=bi(M)eS,, i=12...,N, r=12. R (6.2)

Information on the degree of participation of the r*® elementary reaction (and its rate
constants) toward the ¢** mode amplitude can be obtained from Eq.(6.1). The relevance
of elementary reactions not included in the original calculation can also be similarly
assessed. For the exhausted modes, we have

R
=Y BI(M)F'(y)=0, m=12,..., M. (6.3)

r=1

These are the CSP-derived approximate algebraic relations between the state variables;
i.e. they are the equations of state of the radicals. For the active modes, the effective
stoichiometry of the I'® mode is aj, and its effective reaction rate is fI. These results
together is the CSP-derived simplified kinetics model.

The small contribution to g of the exhausted fast modes can either be ignored (see
Eq.(3.24)) or be included with good accuracy (see Eq.(3.26)). Non-stiff integration algo-
rithms can then be used, and the integration time step At can be increased each time
a fast mode is declared exhausted. Exhausted modes can be declared active again when
the user-specified accuracy threshold is breached. The elementary reactions which do not
participate significantly in the exhausted and active modes in the time interval of interest
_ can be identified by examining Eq.(6.1); the “reduced mechanism” of the reaction system
can then be easily determined [5] by their removal.

The role of CSP in chemical kinetics modelling is clear. For sufficiently simple problems
for which the identities of the appropriate radicals and the fast reactions are well known,
and the resulting algebraic equations are amendable to the needed manipulations, the
conventional analysis is the method of choice because the results are analytical. The
minor defect of the steady-state approximation pointed out earlier can easily be remedied.
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It should be noted that for sufficiently simple problems the CSP algorithm can be carried
out analytically if so desired. For sufficiently large and complex problems for which little
is known and few guidelines exist, numerical CSP data can be used to deduce most of the
information normally expected from a conventional asymptotic analysis. After using CSP
to identify the available simplifications in the time interval of interest, one may follow up
with conventional asymptotic analyses to obtain selected additional analytical insights. It
is interesting to note that in our sample calculations [5], most of the exhausted reaction
modes can indeed be cleanly associated with either the steady-state approximation for
radicals or the partial-equilibrium approximation for fast elementary reactions, or both.
However, there are also some ambiguous cases when neither seems applicable.

From the point of view of asymptotics, the CSP method removes the need for non-
dimensionalization of variables, order of magnitude estimates, identification of small pa-
rameters, consistency checks for assumed forms of expansions, and the various labor-
intensive and problem-specific manipulations in the derivation of simplified models for
boundary-layer type non-linear O.D.E. problems. The myriad asymptotic procedures
have been formalized into a straightforward and programmable algorithm. For linear
problems, the algorithm reduces to standard eigen-analysis. For non-linear problems of
the boundary layer type (i.e. when all the fast A(z)’s are essentially real and negative),
the algorithm “derives” the simplified inner and outer (i.e. fast and slow) equations, ex-
plicitly accounting for the leading order effects of the “rotation” of the local fast subspace
(spanned by the M fast basis vectors) due to the non-linearities of g.

The CSP user supplies the database of elementary reactions and their rates, specifies
the thresholds of accuracy desired for each unknown in the simplified kinetics model,
the time scale(s) of interest, 7* (the desired time resolution of the numerical printouts),
and the initial conditions. The main raw data generated by CSP are the refined basis
vectors a?(M)’s, bi(M)’s, the time scales 7()’s, the number of exhausted reaction modes
M, and the number of active and dormant reaction modes. (including the identification
of conservation laws, if any), all as a function of time. It is a relatively simple matter
to deduce from the above raw data most of the information normally expected from a
conventional analysis of a reaction system. If the problem under study is insufficiently
stiff or if the user-specified threshold of accuracy is too stringent, the contributions of
spent fast reaction modes would simply refuse to fall below the threshold.

The CSP algorithm described in this paper has been programmed (CSP8) and tested,
and the results have been excellent even when the separation of the fast and slow time
scales is only moderate. It is straightforward to include the energy equation by assigning
one of the elements of the y vector to be temperature. However, if spatial diffusive terms
are included on the right-hand side of Eq.(2.2§ making it into a system of partial differen-
tial equations (PDE), many new theoretical issues arise. While discretized PDE systems
can be treated as finite dimensional ODE systems by the present CSP algorithm, the for-
mal generalization of CSP concepts to infinite dimensional PDE systems is a significant
step and is being explored at the present time.
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